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Abstract
Unlike conventional manipulators where the robot is actuated at discrete joints, continuum robots are actuated continuously in smooth curves. These robots are often dexterous
and compact, allowing them to operate in constrained environments during minimally invasive medical interventions. Since the unconventional robot structure often consists of elastic
or flexible materials, the corresponding kinematics formulation is significantly more challenging to derive and simulate. This thesis introduces two different but related continuum
robot designs: the concentric tube robot (CTR) and the eccentric tube robot (ETR). These
designs utilize multiple pre-curved and superelastic nitinol tubes to actuate the robot. This
mechanism also leads to an undesirable behavior called "snapping". Based on Cosserat Rod
theory, two separate kinematics models are derived, solved, and simulated for CTR and
ETR. Additionally, an ETR prototype is designed and constructed for experimental validation. Compared to the simulation, the measured average tip error is about 3.8% of the robot
length.

Keywords: continuum robot, concentric-tube robot, eccentric-tube robot, forward kinematics, Cosserat Rod model, robot simulation, robot prototype, superelastic nitinol tube
ii

Summary for Lay Audience
A conventional robot manipulator generally consists of rigid links, which means that the
robot is actuated at individual joints connecting the rigid links. Continuum robots, on the
other hand, describe a different class of robots where the actuation is achieved by continuously changing the shape of the robot in smooth curves. These continuum structures are
commonly seen in nature, like an elephant’s trunk, an octopus’s arms, and a snake’s spine.
Continuum robots are usually very flexible with a compact design and a slender shape essential for navigating and performing tasks in a constrained environment. For example,
robot-assisted minimally invasive surgery is one of the most popular continuum robot applications discussed in the literature. However, their desirable properties come with challenges,
such as the non-intuitive robot kinematics (relation between joint inputs and the resulting
robot shape). Unlike a rigid-link manipulator where its kinematics is determined based on
robot geometry, the continuum robot kinematics model is derived based on elastic material
deformations. In this thesis, two different but related continuum robots are introduced: the
concentric tube robot (CTR) and the eccentric tube robot (ETR). These robots consist of
very elastic tubes made from nitinol (a nickel-titanium alloy), and the robot actuation relies
on elastic tube deformations. Based on the physics of tube bending, separate kinematics
models are formulated for the CTR and ETR. More importantly, the corresponding forward
kinematics solutions are also derived in the thesis, and they are simulated to visualize robot
shapes. Finally, to demonstrate the original design concept of the ETR, its kinematics model
is validations experimentally. The detailed design and construction of a manually actuated
ETR prototype are presented in the thesis. By comparing with ETR simulations, the position error from experiments was about 3.6mm on average, equivalent to about 3.8% of the
robot’s total length.
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Chapter 1
Introduction
Continuum robots are a family of robots that utilize flexible structures as their actuation
mechanisms. Unlike conventional serial link manipulator designs where a rigid link connects
two discrete joints, continuum robots possess continuous joints whose shape can be adjusted
continuously, resembling a smooth curve [1]. This unique continuous bending characteristic
can also be commonly seen in nature, such as the elephant’s trunk, octopus’s arms, and the
snake’s spine [2]. Conveniently, many continuum robot designs are essentially inspired by
such animals, mimicking their underlying actuation mechanics to achieve continuous shape
control. Since the excellent dexterity and manipulability of continuum robots are enabled by
a relatively compact structure, they can be implemented in many applications, especially in
constrained environments where rigid-link manipulators are inappropriate [3]. However, the
desirable continuum behavior also induces more challenges in robot structural design and
robot kinematics modeling than rigid-link manipulators.

1.1

Background

Although the unique properties of continuum robots can potentially solve many problems
in different fields, one of the most anticipated usages is in medical applications, as proven
by the increasing number of research papers on related topics [4]. For example, continuum robots can be utilized during minimally invasive interventions to help the surgeon to
navigate the operation site and perform surgical tasks via a narrow pathway. This narrow
pathway can be different anatomical structures with various shapes and sizes depending on
the procedure, such as small incisions during needle-based interventions [5], blood vessels in
endovascular therapies [6], or even transnasal surgery in [7]. The corresponding continuum
robot design also varies significantly with distinct sizes and actuation mechanisms to accommodate different medical constraints and requirements. For the past few decades, researchers
1
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Volume Actuation

Geometry Actuation

Tension Actuation

Hydraulic/Pneumatic

Transformation/Deformation

Tendon/Backbone

Figure 1.1: Continuum Robots Categorized by Actuation Mechanisms
have proposed many new continuum robot designs and improved current designs for various
medical procedures.
In the literature, most medical continuum robot designs can be categorized by their
actuation mechanisms into three major categories, as shown in Fig. 1.1. The first type utilizes
pneumatics or hydraulics to control the fluid volume and pressure within the integrated and
flexible joints to actuate the robot [8]. The third type achieves continuous bending by
adjusting the tension of embedded tendons attached eccentrically to a series of spacing discs.
These discs are chained by a flexible central backbone to maintain a constant spacing between
them. Several research papers have proposed and explored this continuum robot mechanism
with different tendon materials, including wire/cable tendons [9] and flexible rod tendons
[10]. For this continuum robot type, commonly, a linear translation unit is often attached at
the proximal end to create tension in tendons and actuate the robot shape. The second type
utilizes smart materials, such as shape memory alloys (SMA) [11] and superelastic tubes
[12], to enable robot actuation by material transformation and deformation. Other types of
continuum robot actuation schemes certainly exist, but they are not as common as the three
types mentioned above.

1.2

Motivation

Recently, there has been an increasing interest in one particular continuum robot design for
medical applications, namely the Concentric Tube Robot (CTR), belonging to the geometry
actuated continuum robot category. Compared to other continuum robots, the CTR possesses the following properties which are desirable for medical applications: biocompatibility,
elasticity, simple actuation mechanisms, and compact robot dimensions. However, as a continuum robot actuated by material deformation, not only is the CTR’s forward kinematics
2
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model challenging to formulate, the resulting kinematic behavior is also unique and sometimes unstable. Further research reveals that the CTR’s kinematic instability is associated
with the robot structure, constraining the robot workspace. To remove those limitations, we
propose a new continuum robot design motivated by the CTR actuation mechanics, namely
the eccentric tube robot (ETR). By improving and modifying the current CTR structure,
the ETR design should be more capable in robot actuation and less demanding in robot
control. We hope that our work on ETR will also motivate future continuum robot research.

1.3

Objectives

The general approach to research robotics problems often starts with the forward kinematics
modeling, which describes the mapping between input configurations and output shapes with
mathematical equations. This approach is also relevant for continuum robots like CTR and
ETR, and consequently, our primary objective is to formulate and solve their forward kinematics. It is worth noting that CTR modeling is much more established than ETR modeling
since multiple formulation approaches have been proposed in the literature. Considering the
structural similarities between CTR and ETR, the more appropriate objective should be the
following: fully understanding and deriving the CTR kinematics model and utilizing it as
the foundation to formulate ETR forward kinematics. After robot modeling, the natural
approach is to evaluate the kinematic properties of the robot. For CTR and ETR, this step
is achieved by implementing the kinematics model in a simulation environment. However,
since the CTR behavior has been well studied in the literature, our kinematics evaluation
should focus on the ETR. As a new continuum robot design, the ETR simulation may predict
the incorrect robot shape if the proposed kinematics solution is inaccurate. By convention,
the kinematics modeling and simulation results should be validated experimentally by a real
robot prototype. Therefore, designing and building a working ETR prototype becomes one
of the objectives. Once the ETR kinematics model is proven to be accurate, the corresponding robot simulation will be considered the platform for future research on inverse kinematics
and robot control. To summarize, we have the following research objectives:
• Understand the CTR forward kinematics models in the literature
• Derive the ETR forward kinematics model based on the CTR formulation
• Develop a robot simulation environment in MATLAB
• Implement the CTR and ETR models in the simulation
• Design and build a working ETR prototype
3
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• Compare and validate the simulation results with the ETR prototype

1.4

Contributions

For CTR research, the main contribution of this thesis is the robot kinematics formulation
for n-tube CTRs. Specifically, a simulation environment is programmed in MATLAB for
the three-tube implementation achieving fast kinematics computation and visualization. Although the current version only supports basic actuation commands and robot visualizations,
more features are planned for future developments. More importantly, this numerical solution and simulation framework developed for CTR provides a platform for future research
projects such as robot control and trajectory planning.
For ETR research, this thesis presents several more notable contributions, including robot
design, modeling, simulation, and validation. As a new continuum robot design, the robot
structure and actuation mechanisms were fully described in the thesis, completing the original
design concept. Inspired by the CTR modeling approach, the ETR forward kinematics model
was formulated following the same physics principles. The ETR kinematics model solution
was much more challenging than the CTR model since the derivation procedure requires
several non-intuitive substitutions. After implementing the numerical solution approach, our
ETR simulation evaluates the robot’s kinematic properties and explores multiple actuation
strategies, demonstrating that the symmetric actuation scheme is the most efficient. Finally,
an ETR prototype is designed and constructed to validate the anticipated robot properties
predicted in the simulation. All the work related to the ETR was described in detail in this
thesis. Parts of the research also have been published in a conference paper [13]. In summary,
our preliminary work on ETR provides a solid foundation for future research projects.

1.5

Outline

This thesis is organized into five chapters, including this introduction as the first chapter.
The rest of the chapters are summarized below.
• Chapter 2 describes CTR research, including the robot structure, robot actuation, a
brief literature review of CTR kinematic models, a derivation of our preferred model,
the corresponding solution approach, the model implementation, and simulation of
CTR characteristics.
• Chapter 3 is dedicated to ETR research, including the inspirational designs in the
literature, robot structures, robot actuation, the forward kinematics, a detailed solution
4
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approach, robot implementation, and kinematics evaluations based on the simulation.
• Chapter 4 is concerned with practical research, including pre-curved tube fabrication,
ETR prototype design, ETR prototype construction, experimental validation, data
collection, and analysis of the results.
• Chapter 5 presents concluding remarks, including a summary of the research contributions and suggestions for future work for both CTR and ETR.

5

Chapter 2
Kinematic Modeling and Simulation of
CTR
2.1

Introduction

A concentric tube robot (CTR) is a thin and flexible continuum robot that actuates and
steers like a snake. The unique robot structure consists of multiple concentrically arranged
superelastic tubes enabling unconventional robot kinematics. The CTR’s flexibility and
dexterity are essential for potential applications in minimally invasive medical procedures.
For instance, it can be used as a supplemental surgical robot to the standard rigid surgical tools. In a typical surgical scenario where the direct accessing path is interrupted by
anatomical obstacles, the dexterous CTR can avoid them and reach the target with a curved
trajectory. To perform such tasks, understanding the CTR kinematics, which describes the
geometry of the motion, is fundamental for predicting and controlling the robot shape. For
a conventional rigid link manipulator, the robot kinematics is determined by transformation
matrices obtained from the link geometry and the joint input configurations. For a continuum robot such as the CTR, new modeling approaches are developed the unconventional
robot actuation mechanics.
Since the introduction of CTR in [14], the problem of its kinematics modeling has been
the core of CTR related studies. Over time, researchers have proposed multiple iterations of
the kinematic model with improving complexity and accuracy. Unlike conventional rigid-link
manipulators where the connection between joints is rigid, the CTR tubes are flexible and
superelastic, meaning their bending and deformation are mostly elastic even under significant
external loads. This superelastic property imposes challenges in CTR kinematics modeling
because the flexible tube deformation is related to both material property and the load

6
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distributions on the tube. These loads include the reaction forces and moments from other
deformed tubes and the CTR external loads. Despite these challenges, researchers have
developed and proposed several CTR kinematic modeling approaches, as summarized below.
Early modeling attempts in [15] successfully modeled the constitutive relation for a twotube CTR, where two pre-curved tubes conform to the same curvature under bending moment equilibrium. However, this model assumes that CTR tubes do not twist under torsional
loads because they have infinite torsional rigidity. From experiment observations, the flexible tubes have a considerable amount of twisting due to their slender shape. As a result,
the torsional rigid model’s kinematics accuracy can vary depending on the relative rotation
angles at the proximal end. An unusual CTR kinematics modeling approach has been proposed in [16], where the total potential energy of deformed tubes is minimized to determine
the torsional deformation and axial rotations. The result showed a considerable improvement in kinematic modeling accuracy compared to the rigid torsion model. As a trade-off,
the potential energy model is computationally intensive because the minimal energy state is
obtained from a time-consuming iterative optimization algorithm.
An alternative approach that also solves the torsion problem was proposed in [12]. Instead of finding the minimal potential energy, this torsional compliant model implemented
the Special Cosserat Rod Theory to formulate axial twisting and derive the corresponding differential equations for each tube. Although this approach is generalizable for solving
multi-tube CTR kinematics, the specific solutions are limited to CTRs with defined boundary conditions. Nevertheless, the author derived an analytical solution for two-tube CTR
using Jacobi Elliptic Integrals. Following the Cosserat modeling approach, researchers continue to improve the CTR kinematic model to achieve better accuracy and capabilities. For
instance, a model for externally loaded CTRs is presented in [17], and [18] demonstrated a
computationally efficient model. Although these improvements are often more accurate or
more versatile, the Cosserat-based torsional compliant model stays in the sweet spot between
computational speed and modeling accuracy. Consequently, it has become one of the most
popular approaches in CTR related research topics.
This chapter is divided into two parts. The first part, which is section 2.2, explains
our kinematic model formulations in detail. The second part, section 2.3, introduces a more
efficient optimization method that takes advantage of our model formulation. Section 2.3 also
introduces the procedure to obtain the corresponding boundary values required for solving
the differential equations.
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Kinematic Modeling

The CTR kinematic model presented in this section is based on the well-known compliant
torsion model introduced in [12]. However, our solution approach derives the equations
differently to allow efficient CTR implementation and simulation. Due to these changes,
the kinematics model can be solved numerically without determining intermediate boundary values. It also allows the MATLAB simulation code to visualize the CTR shape and
estimate the workspace thanks to the fast computation speed. The detailed formulation and
implementation are explained in the following sections.

2.2.1

Model Setup

It is almost impossible to model the robot kinematic behavior entirely because of random
uncertainties and disturbances. A practical modeling approach should focus on capturing
the essence of the system while neglecting insignificant factors. Based on this logic, simplification and assumptions are necessary to describe and model a complex robotics system
like the CTR. These “pre-requisites” conditions define kinematics modeling capabilities and
limitations. In the next section, we summarize all the simplifications in the CTR kinematic
modeling and divide them into three subcategories: design constraints, geometry abstractions, and physics assumptions.
Design Constraints
The schematic of a three-tube CTR is shown in Fig. 2.1, where three pre-curved tubes are inserted concentrically to form the robot shaft. Note that the corresponding tube specifications
must satisfy several design constraints to ensure practical robot actuation and movement.
These design constraints also limit the shape of the curve and reduce the modeling and
manufacturing complexity. Some of the criteria are listed below.
• The initial tube shape should only have a straight section starting from the proximal
end, followed by a curved section ending at the distal end. Note that the length for
each section is variable, and a length of zero is allowed.
• The curved tube section should be shaped as a circular arc with a constant radius.
The inverse of this initial radius is defined as the tube pre-curvature.
• The gap between adjacent tubes should be almost zero to maintain concentricity. In
practice, an inner tube’s outer diameter should be slightly smaller than the adjacent
outer tube’s inner diameter, allowing for smooth rotational and translational motions.
8
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Figure 2.1: The schematics of a three-tube CTR
• The outer tube should be shorter than the inner tube. This constraint allows the
motors to attach and actuate all tubes at the proximal ends while keeping the tube
distal ends extended and exposed.
• The tubes should be made from a superelastic material such as nitinol, which is highly
tolerant of elastic deformation. Also, when the tube is deformed, it generates counterbalancing forces and moments.
Geometry Abstractions
The CTR geometry can be approximated by several curved rods in series with decreasing
diameters from the proximal end to the distal end. As shown in Fig. 2.2, there are three precurved nitinol tubes arranged concentrically, occupying some volume in the three-dimensional
(3D) workspace. If we implement the following rules, the volumetric CTR shape can be
abstracted to a series of coordinates vectors, corresponding to the actual CTR shape.
• The CTR’s slender and tubular shape can be approximated by a virtual centerline l
that passes through the center of all cross-sections. Since the tube radius is constant,
the CTR 3D volume can be reconstructed from the centerline.
• The centerline curve l can be parameterized by its arc length s, and the vector function
p(s) represents the position of a point on l, that is l = p(s).
• Due to the concentric arrangement, the corresponding tube centerlines overlap, and
they can be combined to form a single continuous curve. This curve also overlaps
with the CTR centerline l perfectly, proving that l is continuously differentiable by the
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Figure 2.2: The 3D geometry of a three-tube CTR
robot arc length s. The corresponding derivative dp(s)/ds can be denoted as ṗ(s),
representing the unit tangent vector of the centerline at that point.
• The unit tangent vector ṗ(s)
h can be
i| expressed in terms of a rotation matrix R(s) and
a unit basis vector e3 = 0 0 1 as ṗ(s) = R(s)e3 . Note that the basis vector
e3 has rotational symmetry about the z-axis. Consequently, R(s) can be defined as
R(s) = Rx (s)Ry (s), which only involves rotations about the x and y-axis.
• To describe the shape of l, the Frenet-Serret Frames (FS frame) is adopted. This
representation uses three key vectors (normal, binormal, and tangent) to define the axis
(x, y, and z, respectively) of a moving reference frame. The FS frame is implemented
in CTR kinematics modeling to track the reference orientations for different tubes and
the robot centerline l.
Physics-Based Assumptions
Unlike a conventional rigid link manipulator where discrete joint actuation defines the robot
kinematics, CTR’s actuation is achieved through the physics of tube deformations. Thus, the
kinematic model should incorporate the underlying physics principles to predict the shape of
CTR. However, many physics-based phenomena are involved in the process, and it is almost
impossible to model everything. The following modeling assumptions are justified to simplify
the formulation while maintaining good accuracy.
• The superelastic CTR tube generates a counterbalancing force and moment when de10
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Figure 2.3: A typical strain vs. stress plot for superelastic nitinol tubes
formed. The strain-stress relationship of the tube material, such as nitinol, is plotted
in Fig. 2.3. If we assume the tube deformation is relatively small, the corresponding
region in the plot can be approximated by a linear function, significantly reducing the
formulation complexity. The constitutive law in physics describes this linear relation.
• We also assume that the friction effect can be neglected in the CTR system. Since the
tube is made from shape memory alloys (such as nitinol) with smooth inner and outer
surface finishes, the corresponding friction coefficient is relatively low.
• Similarly, gravity is assumed to not affect the CTR because of the lightweight but
relatively stiff tubes. Although CTR has a slender shape, it is relatively short in
medical applications, further minimizing the gravitational uncertainty.
• Finally, the total length of each tube is assumed to be constant without any elongation
or compression under load.

2.2.2

Model Formulation

Recall the concept of a geometrical virtual centerline representing the CTR shape as l = p(s).
The CTR kinematics modeling problem is now equivalent to solving the position function
p(s) for any given arc length s. Although p(s) is continuously differentiable with respect to
s, as we explained in Section 2.2.1, the formulation of l is different because the number of
tubes at a robot cross-section varies from the proximal end to the distal end depending on the
tube length and robot configurations. Although outer tubes are generally shorter than inner
tubes, they possess a broader range of translational motions. In addition to the fluctuating
11
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Figure 2.4: An example of CTR segmentation
tube count, the tube pre-curvature also varies along the robot centerline l. Recall from 2.2.1,
each tube in CTR is shaped to have two different curvature sections (straight and curved)
in arbitrary lengths. Note that the local curvature at the transition point is discontinuous
(zero and non-zero). As a result, the robot centerline l is divided into individual segments
by constant tube count and tube pre-curvature, allowing for a homogeneous formulation.
An example of CTR segmentation is shown in Fig. 2.4, where the resulting segments are
determined from the tube length and tube pre-curvatures. After that, each segment of l can
now be modeled and formulated separately as continuous subsystems.
In this section, we formulate a general CTR kinematics model based on the modeling
setup defined above. There are several steps in the formulation. First, a curvature function
u(s) is defined to describe the shape of the centerline l indirectly. Then, the constitutive
law is implemented to determine the bending moment for each tube In the CTR. Next, the
axial torsion for each tube can be formulated by Special Cosserat Rod Theory as differential equations. Finally, substituting these two formulations, the CTR kinematics solution
becomes deterministic once proper boundary conditions are obtained.
Curvature Definition
The curvature of an arc is often defined as the radius reciprocal of the corresponding circle.
Similarly, the curvature function of a curve parameterized by arc length s is defined as the
12
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Figure 2.5: Calculating the arc length of a sector using geometry
radius reciprocal of the tangent circle at s. This relation can be represented as:
u(s) =

1
r(s)

(2.1)

where r(s) is the radius of the tangent circle at arc length s and u(s) is the corresponding
local curvature. Note that the curvature u(s) is a scalar function in this case. To better
understand the concept of curvature, consider a 2D curve parameterized by arc length s. We
can find two points on the curve separated by a small distance ∆s, and the corresponding
tangent vectors are ṗ(s) and ṗ(s + ∆s). Naturally, their tangent vectors are different, and
the intersecting angle is denoted as α(s0 ). If these two points are almost overlapping and
∆s is approaching zero, their curvatures defined by (2.1) are also identical. In this extreme
case, we can use the sector geometry to approximate the curve length ∆s by:
∆s = r(s0 )∆α(s0 )

(2.2)

Fig. 2.5 shows an example of the curve approximated by an arc of a sector. If the distance
∆s is infinitesimally small, (2.2) can be transformed into the derivative form and substituted
into (2.1) to get:
dα(s)
1
=
= α̇(s)
(2.3)
u(s) =
r(s)
ds
Equation (2.3) shows that the concept of curvature can be interpolated as the angular rate
of change in tangent directions per unit arc length. By integrating the curvature function
u(s) with respect to the arc length s twice, the curve’s exact position can be calculated.
We can expand this indirect approach of describing a curve shape by its curvature function
to three-dimensional (3D) curves. A similar interpolation based on the rotational rate of
change per unit arc length is adopted to define the curvature for 3D curves.
Consider an arbitrary section from the segmented CTR virtual centerline l = p(s), denoted as l0 = p(s), s ∈ [si , si+1 ]. The position vector p(s) can be differentiated to obtain the
13
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corresponding local tangent vector dp(s)/ds denoted as ṗ(s). For simplicity, we use the dot
notation to represent differentiation with respect to arc length s for the rest of the chapter.
Recall from Section 2.2.1, ṗ(s) can be expressed as:
ṗ(s) = R(s)e3

(2.4)

where R(s) = Rx (s)Ry (s) is the rotation matrix, and e3 is the third basis vector. We apply
a similar analogy that the curvature of l0 can be defined as the rotational rate of change of
the tangent direction vector ṗ(s) per unit arc length. Unlike the 2D situation where the
curve can only bend clockwise or counterclockwise about the perpendicular axis, rotations
in 3D, which can be represented by SO(3), is more complicated. Therefore, instead of using
a scalar to represent the curvature, we can define the curvature in vector form:
h
i|
u(s) = ux (s) uy (s) uz (s)

(2.5)

where ux (s), uy (s) and uz (s) represent the rate of change in rotation per unit arc length in
the x, y, and z directions of the local FS frame, respectively. Since these axes are mutually
orthogonal, the combination of the corresponding individual rotations covers all possible
rotations in the 3D rotation group SO(3). However, if we differentiate the rotation matrix
R(s) with respect to s to calculate the rate of change, the result Ṙ(s), is a matrix associated
with the global reference frame. To obtain the curvature vector defined in the local reference
frame, we first pre-multiply by the transpose of the corresponding rotation to get R| (s)Ṙ(s).
Then, the resulting form is a 3-by-3 skew-symmetric matrix, which can be converted to a
vector through Lie algebra. Thus, the 3D curvature u(s) is defined as:
b (s) = R| (s)Ṙ(s)
u

(2.6)

where “ b ” is the hat operator, which converts a vector to the corresponding skew-symmetric
matrix form. For example:



0
−uz (s) uy (s)


b (s) =  uz (s)
u
0
−ux (s)
−uy (s) ux (s)
0

(2.7)

For convenience, we can define an inverse operator denoted as ∨ , which converts the
skew-symmetric matrix back to the vector. Applying this operator to (2.6), we get:

∨
u(s) = R| (s)Ṙ(s)
14
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This equation is the key derivation in CTR kinematics modeling because the shape of
the curve l0 can now be described by the curvature vector u(s). Although the curvature representation is indirect and not intuitive compared to the position representation p(s), it acts
like a bridge that connects the geometry-based formulation and physics-based formulation.
The next section will explain how to incorporate curvatures with physics principles.
Constitutive Equation
A CTR usually consists of several tubes with different initial shapes and curvatures. As a
result, these tubes are bent and deformed to an equilibrium curvature when assembled concentrically. Note that this overall robot shape often differs from all tube pre-curvatures. The
deformation indicates that each tube is experiencing external forces and moments provided
by other contacting tubes. These loads are balanced by the internal reacting forces and
moments generated from tube deformations, establishing a mechanical equilibrium. Judging from intuition, the amount of deformation should be proportional to the external loads.
Recall the assumptions we made in Section 2.2.1, the superelastic tube obeys a linear strainstress curve if the deformation is relatively small. Therefore, we introduce the following
constitutive equation to model the tube deformation.
m(s) = R(s)K (u(s) − u∗ (s))

(2.9)

where m(s) is the bending moment vector at arc length s; u∗ is the constant pre-curvature
of the tube; and K is the 3-by-3 stiffness matrix defined as:

 
EI 0
0
kx 0 0


 
K =  0 ky 0  =  0 EI 0 
0
0 GJ
0 0 kz


(2.10)

where kx , ky and kz are the corresponding bending stiffness constants about local x, y,
and z axes, respectively. For a tubular object with rotational symmetry about the z-axis,
we assume that kx = ky . E and G are Young’s modulus and shear modulus of the tube
material, respectively. I and J are the area moment of inertia and polar moment of inertia,
respectively, which are determined from the cross-sectional shape of the slender object. For
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tubes with an inner diameter Di and an outer diameter Do , I and J can be calculated as:
π
I=
4



π
J=
2



Do
2

4

Do
2

4



Di
4

4 !



Di
4

4 !

−
−

(2.11)

Furthermore, the constant Poisson’s ratio ν of the tube material can be expressed in
terms of the stiff matrix. We will use ν to simplify the kinematics formulation later.
kx
EI
E
=
=
=1+ν
kz
GJ
2G

(2.12)

Note that (2.9) has a similar structure compared to the famous Hooke’s law, which is
a constitutive equation for springs. In both equations, the reaction component is linear
to deformation with a slope defined by a constant. However, a CTR is constructed from
multiple different tubes, implying that the constitutive relations are coupled together for all
tubes. To solve these coupled constitutive equations, we need to distinguish different tubes
in the system and label them appropriately. Recall from Section 2.2.2, where l0 is defined to
represent a homogeneous section of the segmented centerline. Different tubes in the same
robot section can be labeled by an index i = 1, 2, 3 . . . n from the innermost to the outermost
tubes. For example, the corresponding initial curvatures for each tube are denoted as u∗i ,
and similar subscript indexing will be adopted for other parameters in the formulation.
Since all tubes are initially shaped to have a circular bending section, they can be represented as a 2D curve. For convenience, we define the corresponding pre-curvature vectors
aligned with the x-axis of the local reference frame as:
h
i|
u∗i = u∗ix 0 0

(2.13)

where u∗ix = 1/ri , and ri is the radius of the corresponding circular bend. Note that the
local reference frame mentioned here is attached to the tube itself, which is different from
the FS frame attached to the robot centerline l. Although they share the same z-axis, the
local frame rotates about the z-axis to match the tube rotation. Compared to the FS frame,
the z-axis rotation difference is referred to as the torsion angle of that tube. If we apply
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indexing to (2.8) and (2.9), we get:
ui (s) =



∨

R|i (s)Ṙi (s)

mi (s) = Ri (s)Ki (ui (s) − u∗i )

(2.14)
(2.15)

Note that ui (s) is different from u(s), the latter represents the FS frame curvature of
the CTR section l0 , whereas the indexed ui (s) represents the individual tube curvatures in
the local reference frame. We can denote the torsion angle between the FS frame and the
local reference frame for each tube as θi (s). Then the rotation matrix for each tube can be
expressed as:
Ri (s) = R(s)Rz (θi (s))
(2.16)
where Rz (θi (s)) denotes the rotation matrix about the z-axis and it is defined as:



cos (θi (s)) − sin (θi (s)) 0


Rz (θi (s)) =  sin (θi (s)) cos (θi (s)) 0
0
0
1

(2.17)

After substituting (2.16) to (2.14) and simplifying, we can express the curvatures for each
tube in terms of the curvature of l0 .
ui (s) = R|z (θi (s)) u(s) + θ̇i (s)e3

(2.18)

Recall from Section 2.2.1, the rotation matrix of l is defined as R(s) = Rx (s)Ry (s),
which only involves the x and y axes rotations. Thus, the corresponding curvature component
should be zero, that is, uz = 0. If we separate (2.18) into three independent scalar equations,
the corresponding x, y, and z components are simplified as:
uix (s) = cos (θi (s)) ux (s) + sin (θi (s)) uy (s)

(2.19)

uiy (s) = cos (θi (s)) uy (s) − sin (θi (s)) ux (s)

(2.20)

uiz (s) = θ̇i (s)

(2.21)

Furthermore, by substituting ui and Ri (s) in (2.15) with (2.18) and (2.16), respectively,
the bending moment for each tube is expressed in terms of the centerline curvature u(s) and
the corresponding torsion angle θi (s).


mi (s) = R(s)Rz (θi (s)) Ki R|z (θi (s)) u(s) + θ̇i (s)e3 − u∗i

17

(2.22)

2.2. KINEMATIC MODELING

Chapter 2

where Rz (θi (s)) Ki = Ki Rz (θi (s)) because they are commuting matrices. Also, Rz (θi (s)) e3 =
e3 because it is a unit vector in the z-direction. Therefore, (2.22) can be simplified to:


mi (s) = R(s)Ki u(s) + θ̇i (s)e3 −

Rz (θi (s)) u∗i



(2.23)

Since all tubes are coupled in an equilibrium state, the bending moments acting on s
cancel each other out. Therefore, the summation of these moments must be zero.
n
X

mi (s) =

i=1

n
X



R(s)Ki u(s) + θ̇i (s)e3 − Rz (θi (s)) u∗i = 0

(2.24)

i=1

We can expand and separate (2.24) into three independent scalar equations.
equations are then simplified by isolating the centerline curvature ux (s), uy (s) and
The results are:
Pn
kix u∗ cos (θi (s))
ux (s) = i=1 Pnix
i=1 kix
Pn
kix u∗ sin (θi (s))
uy (s) = i=1 Pnix
i=1 kix
Pn
i=1 kix θ̇i (s)
=0
uz (s) = P
n
i=1 kix

These
uz (s).

(2.25)
(2.26)
(2.27)

On the right-hand-side of (2.25) and (2.26), the only non-constant parameters are the
torsion angle θi (s) and the corresponding derivative θ̇i (s). The curvature of the centerline
l0 can be solved if we can determine θi (s), s ∈ [si , si+1 ] for all tubes. Therefore, the next
section will formulate a different set of equations to solve the torsion angles.
Cosserat Rod Theory
In this section, a new equilibrium condition is required to formulate a different equation
that solves the torsion angle functions θi (s). Recall from Section 2.2.1, where we assumed
that the friction coefficient between the tubes is close to zero. As a result, the contacting
force between tubes only acts on the CTR centerline l. We can isolate a single tube from
CTR with associating forces and moments and formulate it as an independent subsystem
under equilibrium. In this case, the flexible and elastic tube can be modeled by Cosserat
Rod Theory.
Cosserat Rod Theory [19] describes the shape of a loaded elastic rod with differential equations. The complete formulation involves the differentiation with respect to time because it
also describes the rod dynamics under time-varying loadings. In the case of kinematics mod18
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Figure 2.6: An example of Cosserat Rod
eling, we implement the time-invariant version known as Special Cosserat Theory. Although
the theory name suggests that it models a flexible rod, homogeneous tubes are also suitable
for this theory because of the rotationally symmetric shape.
Consider the cantilever tube shown in Fig. 2.6, the proximal end of the tube is anchored
to a fixture, and the arc length s parameterizes the tube. When an external distributed
force f (s) and an external distributed moment t(s) are applied, the elastic tube deforms and
generates an internal reaction force n(s) and an internal bending moment m(s) to counter
the external loads. As a result, the tube stays in the deformed shape, and the forces and
moments are balanced under equilibrium. Note that the tube is assumed to be lightweight
(see Section 2.2.1), and the gravitational force is neglected. The Special Cosserat Rod Theory
for this tube can be written as:
Z

L

f (τ )dτ − n(s) = 0

(2.28)

(p(τ ) × f (τ ) + t(τ )) dτ − m(s) − p(s) × n(s) = 0

(2.29)

s

Z

L

s

where (2.28) and (2.29) represent the force and moment equilibrium integrated over the
length of the tube, respectively. The total tube length L is used as the upper integration
limit because the tube terminates at the distal end at s = L. If we differentiate (2.28)
and (2.29) with respect to the arc length s, the differential form of Cosserat Rod Theory is
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obtained as:
f (s) + ṅ(s) = 0

(2.30)

p(s) × f (s) + t(s) + ṁ(s) + ṗ(s) × n(s) + p(s) × ṅ(s) = 0

(2.31)

Note that we can substitute (2.30) into (2.31) to simplify the formulation further. Also,
recall from Section 2.2.2, a similar subscript indexing can be applied to indicate the individual
tubes. After these steps, the formulation becomes:
ṁi (s) + ṗi (s) × ni (s) + ti (s) = 0

(2.32)

In this equation, ṁi (s) is the derivative of the tube bending moment, which can be
derived by differentiating (2.15) with respect to s. After some simplification, ṁi (s) can be
written as:
ṁi (s) =

d
(Ri (s)Ki (ui (s) − u∗i )) = Ṙi (s)Ki (ui (s) − u∗i ) + Ri (s)Ki u̇i (s)
ds

(2.33)

Assuming ṁi (s) is a known parameter, we can isolate u̇(s) in (2.33) to get a first-order
differential equation in terms of ui (s) as:
|
b i (s)Ki (ui (s) − u∗i ))
u̇i (s) = K−1
i (Ri (s)ṁi (s) − u

(2.34)

which can be solved with proper boundary conditions. In order to determine the parameter
ṁi (s), a neat trick is to focus only on the corresponding z-axis component instead of solving
for the entire vector. If we substitute (2.4) to (2.32) and pre-multiply both sides by R|i (s),
we can rewrite R|i (s)ṁi (s) in (2.34) as the following expression:
R|i (s)ṁi (s) = −e3 × (R|i (s)ni (s)) − R|i (s)ti (s)

(2.35)

Note that e3 is a unit vector in the z-axis direction, implying that the resultant crossproduct e3 × (R|i (s)ni (s)) must be a perpendicular vector or a zero vector. Therefore, the
z-component of e3 × (R|i (s)ni (s)) is zero. For the other expression in (2.35), the external
distributed moment R|i (s)ti (s) is supposed to be applied by the adjacent tubes in CTR.
However, in Section 2.2.1, we have assumed that the friction between the tubes is negligible,
indicating that the tubes would only slip or rotate if there are any distributed moments
between them. The other assumption in the same section stated that the CTR is unloaded,
that is, no external distributed forces or moments are acting on any of the tubes. Hence,
in this case, ti (s) is also a zero vector, same as the expression R|i (s)ti (s). Overall, we have
20
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justified that the z-component of R|i (s)ṁi (s) is zero, and the z-component of (2.34) can be
simplified to:
kix
(uiy (s) (uix (s) − u∗ix ) − uix (s)uiy (s))
(2.36)
u̇iz (s) =
kiz
where uix (s), uiy (s) and u̇iz (s) can be substituted by (2.19), (2.20) and (2.21), respectively.
Note that the constant kix /kiz can also be replaced by the Poisson’s ratio defined in (2.12).
After these steps, we obtain:
θ̈i (s) = u∗ix (1 + ν) (sin (θi (s)) ux (s) − cos (θi (s)) uy (s))

(2.37)

where ux (s) and uy (s) can be substituted by (2.25) and (2.26), respectively, to obtain a
second-order differential equation about the torsion angle θi (s). After some simplifications,
we get:
n
u∗ix (1 + ν) X
P
kjx u∗jx sin (θi (s) − θj (s))
θ̈i (s) =
(2.38)
n
j=1 kjx j=1
Together with (2.25) and (2.26), in theory, the kinematics of CTR can be solved. However,
in practice, the second-order differential equation about the torsion angle requires at least
two boundary conditions per tube to have a unique solution. The next section will explain
in detail how these boundary conditions are obtained.
Boundary Conditions
Differential equations express the mathematical relation between the function f and the
corresponding derivatives f (n) . In the case of CTR modeling, (2.38) is formulated as a
second-order differential equation about the tube torsion angle θi (s). Note that (2.38) is
also a nonlinear differential equation because the variable function θi (s) is contained in the
nonlinear sin function. In general, the solution to a second-order differential equation is
unique if at least two boundary conditions are provided. If fewer boundary conditions are
available, there may be infinitely many possible solutions to the differential equation, which
is not desirable for solving CTR kinematics. Due to CTR’s complex structure, we need more
boundary conditions to solve the torsion function θi (s) for each tube.
Recall from Section 2.2.2 where we divide the CTR centerline l into multiple homogeneous
segments l0 , the solution to (2.38) only represents the torsion function of the ith tube within
that section l0 . Consequently, the corresponding boundary conditions for solving (2.38) are
also located within l0 . If l0 is sandwiched between other segments, the boundary values are
not accessible. To avoid this problem, consider a more straightforward case where the CTR
only has one homogeneous section. This simplified case implies that the proximal end of
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the tube is attached to the actuator directly. As a result, the tube’s torsion angle at the
connection point syncs with the actuator input. Thus, the first boundary condition can be
formulated as:
θi (0) = θi,Input
(2.39)
Similarly, the other boundary condition can be found at the distal end of the tube. Since
there is only one homogeneous segment, all tubes terminate at the distal end. Without
external loads, the corresponding torsional moments for each tube is forced to be zero to
maintain the equilibrium, which can be formulated as the following boundary condition:
θ̇i (Li ) = 0

(2.40)

where Li is the tube length, which also represents the distance between two boundary conditions. Note that the two-point boundary-value problem is much more difficult to solve than
the initial/final value problem. If the analytical solution for (2.38) is not easily accessible,
the numerical optimization approach, as an alternative, can be implemented to solve the
equation iteratively.
For a general case where the CTR centerline contains multiple segments, the boundary
conditions are more complicated. Although those boundary conditions in (2.39) and (2.40)
are still valid at tube proximal and distal ends, other boundary conditions between two
CTR segments are not obtainable. It is worth noting that the CTR is physically continuous,
although their centerlines are segmented to allow different CTR formulations. Consequently,
the corresponding torsion functions θi (s) and its derivative θ̇i (s) are also continuous over the
length of the tube. Thus, the intermediate boundary values at the transition point satisfy:
θi+ (s) = θi− (s)
θ̇i+ (s) = θ̇i− (s)

(2.41)

where + and − represent the left and right side of the intermediate boundary points. Hence,
we obtained two more continuous boundary conditions per tube for each intermediate point.
Combined with (2.39) and (2.40), in theory, we have sufficient boundary conditions for
solving the entire torsion function θi (s) over the length of the tube.

2.3

Kinematic Simulation

To predict the CTR shape for any given configurations, we need to solve the kinematic
formulations derived in Section 2.2.2. Notably, the differential equation (2.38) must be
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solved with the appropriate boundary conditions to obtain the torsion function θi (s). In this
section, we will implement a method that solves the differential equation numerically for
each tube. Compared to the analytical solutions proposed in the literature, the numerical
approach can handle complicated boundary conditions while being compatible with different
CTR configurations. The torsion functions solved from the numerical method are converted
back to the corresponding tube coordinates and visualized by MATLAB 3D plots. The
results are evaluated by tuning the input configurations to reproduce the well-known CTR
“snapping” behavior, as explained in the discussion.
An analytical solution to the differential equation is always desirable because its implementation is computationally efficient compared to the numerical method. However, in many
situations, the numerical method is preferred simply because the corresponding analytical
solution cannot be obtained. In CTR kinematics modeling, the formulation contains nonlinear second-order differential equations, which rarely have an analytical solution. Fortunately,
in a specific case where the CTR only has two tubes, it is possible to obtain an analytical
solution. The detailed derivation can be found in [12], where the Jacobi elliptic functions are
implemented as a part of the solution. However, their approach is limited because the analytical solution is only valid for the two-tube CTR without continuity boundary conditions.
In contrast, the numerical solution approach has no such limitations. By integrating with an
off-the-shelf numerical gradient-based solver in MATLAB, the implementation can be highly
efficient. For simplicity, the solution procedure is derived for a three-tube CTR, which is one
of the most common robot configurations in research due to the excellent balance between
dexterity and complexity. However, this model can also be easily modified to accommodate
for more tubes.

2.3.1

Model Solution

The numerical solution of CTR kinematics is obtained from two pieces of information. The
first one is CTR geometrical specifications, including tube lengths, pre-curvatures, inner
and outer diameters, and the material properties. Note that all these values are constant,
determined by the robot design and tube specifications. The other information is the joint
configurations, including rotation angles and translation distances for each tube. These
input parameters correspond to system boundary conditions, which alter the model solution
and robot kinematics. It is worth noting that different tube actuation method impacts the
boundary condition differently. For example, the segment length (interval between boundary
points) only corresponds to the translational motion. For comparison, the input rotation
angles only correlate to boundary values instead of intervals.
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Figure 2.7: CTR segmentation with different tube translations
Based on these observations, the boundary conditions for the differential equation can
be obtained. Consider a three-tube CTR showed in Fig. 2.7, where each tube has a curved
and straight section indicated by the solid and dashed lines, respectively. Note that the
tube lengths are not to scale but follow the design constraints defined in Section 2.2.1. On
the left side, these tubes are initially aligned by the transition points between the straight
and curved sections, and the corresponding tube translation distance is calibrated as the
zero configuration. According to Section 2.2.2, this initial CTR configuration can be divided into six homogeneous segments. However, in a different configuration on the right,
the translated tubes have a different segmentation result. Thus, the first step towards the
numerical solution is to determine the CTR segmentation from tube length and translation
distance. Then, combining with the boundary values obtained from the tube rotation, all
the boundary conditions for (2.38) are now determined. The corresponding implementation
will be discussed in Section 2.3.2.
After obtaining the torsion function θi (s) for each tube from the numerical solver, additional steps are required to calculate the actual CTR shape and coordinates. In Section
2.2.2, the CTR curvature vector u(s) is expressed in terms of the torsion functions for each
tube. Considering a three-tube CTR, (2.25), (2.26), and (2.27) become:
k1x u∗1x cos (θ1 (s)) + k2x u∗2x cos (θ2 (s)) + k3x u∗3x cos (θ3 (s))
k1x + k2x + k3x
∗
k1x u1x sin (θ1 (s)) + k2x u∗2x sin (θ2 (s)) + k3x u∗3x sin (θ3 (s))
uy (s) =
k1x + k2x + k3x
k1x θ̇1 (s) + k2x θ̇2 (s) + k3x θ̇3 (s)
uz (s) =
=0
k1x + k2x + k3x

ux (s) =

(2.42)

Note that uz = 0, which can be verified by the numerical solver results. Then, to convert
tube curvatures back to tube positions, an intermediate step is required. Base on Section
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2.2.2, (2.6) can be rewritten as:
Ṙ(s) = R(s)b
u(s)

(2.43)

which is a first-order differential equation about the matrix R(s). The corresponding solution
is derived by integrating the curvature and applying the matrix exponential as:
Z
R(s) = exp
0

L


b (s)ds
u

(2.44)

Once the FS frame rotation R(s) is determined, the corresponding tangent direction ṗ(s)
defined in (2.4) can be calculated. Finally, by integrating the tangent vector, the arc length
parameterized position vector of the CTR can be expressed as:
L

Z

R(s)e3 ds

p(s) =

(2.45)

0

which completes the general solution procedure for the CTR kinematics model. In practical
implementations, although the solution framework is the same, minor adjustments may be
introduced to compensate for the limitations in the numerical solver.

2.3.2

Model Implementation

The implementation of the model and solution was programmed in MATLAB 2019b. Although the simulation performance is most likely not comparable with C++, the included
mathematical and robotics toolboxes are beneficial for the implementation, especially for
solving differential equations. Also, the visualization of the CTR is easily achievable through
the plot function.
In MATLAB, many functions are capable of numerically solving differential equations. In
the case of solving boundary values problems, the bvp5c function is one of the best choices.
This function is a finite difference solver that implements the four-stage Lobatto IIIa formula
and the implicit Runge-Kutta formula. The best feature of this function is that it can be
configured to solve multivariable differential equations with multiple boundary conditions.
However, the numerical integration of the differential equation system requires all variables
to have the same upper and lower limits. In the case of CTR modeling, this is equivalent
to aligning all tubes and forcing them to have the same length, which is impractical from
a design perspective. To compensate for the difference in tube lengths, we introduce the
concept of phantom tubes that extends from the proximal and distal ends of the shorter tubes.
This concept is shown in Fig. 2.8, where the hollow lines represent the phantom tubes. These
phantom tubes are modeled in the same way as real tubes, but their mechanical properties
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Figure 2.8: CTR segmentation with phantom tubes
are entirely passive. Effectively, their stiffness matrices and pre-curvatures are both zero,
that is, Kphantom = 0 and u∗phantom = 0, respectively. With the addition of the phantom
tubes, each CTR segment now has the same tube count. Consider a three-tube CTR. (2.38)
can be written as:
(1 + ν)u∗1x
(k2x u∗2x sin (θ1 − θ2 ) + k3x u∗3x sin (θ1 − θ3 ))
k1x + k2x + k3x
(1 + ν)u∗2x
(k1x u∗1x sin (θ2 − θ1 ) + k3x u∗3x sin (θ2 − θ3 ))
θ̈2 =
k1x + k2x + k3x
(1 + ν)u∗3x
θ̈3 =
(k1x u∗1x sin (θ3 − θ1 ) + k2x u∗2x sin (θ3 − θ2 ))
k1x + k2x + k3x
θ̈1 =

(2.46)

where the arc length parameter s for all θi (s) is dropped for a clear look. Rewriting the
coefficients in a matrix form, we get:
 
θ¨1
1+ν
¨
θ2  =
k1x + k2x + k3x
θ¨3




 ∗
sin(θ2 − θ3 )
0
−k3x u∗3x k2x u∗2x
u1x 0
0




0
−k1x u∗1x  sin(θ3 − θ1 )
 0 u∗2x 0   k3x u∗3x
0
sin(θ1 − θ2 )
−k2x u∗2x k1x u∗1x
0
0 u∗3x
(2.47)
which can be implemented in the numerical solver to determine the corresponding torsion
functions. After that, the tube coordinates can be calculated following the same steps as
those described in Section 2.3.1.
Starting from joint configurations and ending with tube coordinates, the CTR forward
kinematic is simulated in a coherent process, which is essential for predicting the shape and
analyzing its characteristics. Consider an ordinary CTR with three tubes with specifications
listed in Table 2.1. Since each tube is actuated with two DOFs, with three tubes, the input
rotation angles and the input translation distances are denoted as θi,input and di,input for
i = 1, 2, 3, respectively. Note that the zero position for tube translation is defined in Section
2.3.1. The zero position for tube rotation is calibrated when the pre-curvature vector at the
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Table 2.1: A list of tube parameters
Parameters
Inner Tube
Outer Diameter [mm]
1
Inner Diameter [mm]
0.9
Straight Section Length [mm]
200
Curved Section Length [mm]
200
Radius of Pre-Curvature [mm]
100
◦
Bending Angle [ ]
115
Young’s Modulus [GPa]
Shear Modulus [GPa]

Middle Tube
1.2
1.05
150
150
200
43
5.8 × 109
21.5 × 109

0.15

0.25

0.1

0.2

Outer Tube
1.4
1.25
100
100
400
14
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Figure 2.9: A visualization of CTR in simulation:
Home Configuration (Left) vs. Actuated Configuration (Right)
proximal end is parallel to the x-axis of the global reference frame. In Fig. 2.9, We visualize
the CTR initial configuration by calculating the tube coordinates and simulating them in a
MATLAB 3D plot, where different tubes are represented in different colors and appropriate
diameters.
For comparison, Fig. 2.9 also visualizes the same CTR in a different joint configuration,
27

2.3. KINEMATIC SIMULATION

Chapter 2

Figure 2.10: Estimated CTR Workspace
where the resulting shapes and curvatures are entirely different due to tube deformations.
Suppose we repeat the simulation multiple times with random configurations and plot all
resulting shapes together, like Fig. 2.10. In that case, the collection of CTR shapes roughly
resembles the workspace for the specific CTR design. This random sampling of the joint space
also evaluates the CTR simulation performance, especially the efficiency of solving differential
equations numerically. Our tests repeated the simulation 1000 times on a laptop with a 2.80
GHz i7-7700HQ CPU and 16GB of RAM. The resulting average time for simulating one
configuration is about 0.26s without any hardware acceleration or parallelization. This result
proves that our approach is relatively efficient. It may also be implemented for real-time
CTR simulation or even control with faster computing hardware and software optimization.
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The kinematics simulation not only calculates the CTR shape for a given configuration.
It also provides insights into the variations in the torsion angle across the entire tube. This
capability enables us to plot the torsional twist θi (s) and torsional moment θ̇i (s) vs. arc
length s, for each tube, respectively. For example, Fig. 2.11 plots the corresponding θi (s)
and θ̇i (s) for each tube when the CTR is actuated with the same input configurations as
those used in Fig. 2.9. Note that at the zero position, the corresponding torsion angle θi (s)
and moment θ̇i (s) is zero everywhere on the tube, which is very intuitive considering there
is no rotational input. Although the torsion angle and moment vary continuously for other
CTR configurations, they still satisfy the boundary conditions determined in Section 2.2.2.
Plotting CTR torsion functions is also beneficial for understanding one of the most annoying CTR characteristics: the ‘snapping’ behavior. The snapping behavior can be described
as a situation where a tiny change in the input configuration results in a sudden change in
CTR shapes. Effectively, the robot tip snaps to a different location, skipping the workspace.
This behavior is theoretically possible because CTR kinematics is formulated as differential equations, which may or may not have multiple solutions depending on the boundary
conditions. It is worth noting that only one of the multiple solutions is the current robot
state determined from the actuation history. The snapping behavior occurs when the torsion function switches from one solution to another, resulting in a completely different robot
shape. The exact timing depends on whether the accumulated potential energy from the
tube twisting is enough to overcome the energy gap between solutions.
To better demonstrate the CTR snapping mechanism, four different contour plots that
map the bending potential energy are shown in Fig. 2.12. Each plot corresponds to a
different input configuration, and two axes are the tube torsion angles. Note that there
is only one global optimal point in the first and last plot, implying that these two input
configurations correspond to a unique CTR kinematics solution. In these cases, the robot
does not snap in those configurations. In contrast, the third plot contains two stable local
optimal points and one unstable saddle point. Although the saddle point is theoretically a
solution to the kinematics equations, this state is practically impossible for the real CTR due
to disturbances. Therefore, the third figure indicates that the specific CTR inputs correspond
to two different robot configurations. In this case, the robot does not snap, and its actuation
history determines the actual configuration. Finally, there are also two local optimal points
and one saddle point in the second energy plot. However, the bottom right local optimum
point is almost disappearing in this input configuration. This plot also reveals the nature
of snapping behavior, the transition from a previously stable state to a new stable state as
the input configuration changes. Consequently, this snapping behavior is an uncontrolled
release of energy, which could be destructive in applications.
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Figure 2.11: CTR Torsion Plots for Different Robot Configurations:
Initial Configuration (Top Two) vs. Actuated Configuration (Bottom Two)
Similar snapping behavior can be replicated in the numerical simulation. Consider a CTR
with the same tube dimensions as Table 2.1, one of the configurations close to its ‘snapping’
region is shown on the left of Fig. 2.13. Suppose we increase the inner tube rotation angle
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Figure 2.12: CTR snapping behavior explained by potential energy maps
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Figure 2.13: An Example of CTR Snapping Behavior: Before (Left) and After (Right)
slightly, for example, by 5◦ . In that case, the resulting tip position suddenly snaps to a
completely different location with a significant change in robot shape, as shown on the right
of Fig. 2.13. It is very apparent that a portion of the CTR workspace showed in Fig. 2.10 will
be inaccessible due to robot ‘snapping’. Although the simulation cannot predict the exact
configuration just before it happens, the snapping region can be obtained through trial and
error due to the relatively fast computation and high efficiency.
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Conclusion

This chapter introduced a unique continuum robot called the Concentric Tube Robot (CTR),
which possesses dexterous kinematics. Due to its slender shape, the CTR can potentially
be implemented in minimally invasive procedures as an alternative to rigid surgical tools to
navigate via small incisions while avoiding obstacles in the anatomy. To better understand
the CTR characteristics, we presented a detailed kinematics model based on the deformation
mechanics and derived the kinematics solution to enable the robot simulation. While several
CTR modeling approaches have been published in the literature, our formulation and solution
framework are general without limitations on the number of tubes. After implementing a
CTR simulation in MATLAB, the kinematics model was validated by plotting CTR shapes
for different joint configurations. Also, the CTR workspace is estimated by calculating the
robot shape from random input configurations. This repetitive method is feasible because
of the highly efficient numerical solver implementation, which calculates each configuration
in about 0.26s on average. Finally, the validation shows that the simulation can reproduce
CTR snapping behaviors. Further validations of our CTR kinematics model will require a
comparison between a real robot prototype, which will be built in the future.
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Kinematic Modeling and Simulation of
ETR
3.1

Introduction

Since the introduction of CTR in [14], researchers have tackled many challenges in related
research fields such as kinematic modeling, position control, sensor integration, and robot
prototyping. As the CTR research becomes more in-depth and comprehensive, CTR’s unique
kinematics is better studied and understood with improved techniques. However, it is also
more apparent that CTR’s underlying structural limitations constrain its potential application scenarios. As a comparison, other similar-sized continuum robot designs, such as the
multi-backbone robots in [10], are more suitable and compatible in many applications due
to their innovative structure. Like a double-edged sword, CTR’s unique tubular design is
essential for actuating the robot. Simultaneously, it imposes the following limitations: shape
coupling, curvature snapping, and end-effector integration problems.
Shape Coupling The tubular structure of CTR introduces shape couplings between tubes.
Even if only one joint input is modified, the resultant CTR’s entire shape is updated by
reevaluating the complete kinematics model. Although calculating one CTR configuration
is relatively quick, it can be very inefficient for an optimization algorithm that repeats the
same calculation thousands of times. For example, in a sampling-based trajectory planning
algorithm, although the randomly generated input configuration only varies slightly from
the previous input, the corresponding robot kinematics is completely recalculated for each
iteration.
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Curvature Snapping One of the metrics for evaluating continuum robot dexterity is the
minimum turning radius, or equivalently, the robot’s maximum bending curvature. In the
case of CTR, the maximum bending curvature is restricted by the tube pre-curvatures. Thus,
in theory, the corresponding CTR’s dexterity could be enhanced by increasing the tube precurvature. However, in practice, as the tube pre-curvature increases, the resultant CTR is
more likely to snap because of the increased potential energy gap between the tube idle state
and the equilibrium curvature state. Furthermore, as the snapping problem occurs more
often, the stable region within the CTR workspace shrinks correspondingly. This trade-off
between dexterity and snapping is challenging to balance from the robot design perspective
and tricky to maintain in different CTR applications.
End-Effector Integration Depending on the design objectives, CTR is attached with
various end-effectors at the distal end to perform application-specific tasks. However, considering the CTR structure, the end-effector’s size and weight are constrained by the tube
diameters and tube stiffness. Additionally, if the end-effector is actuated, the corresponding driving mechanism, such as thin wires and cables, are embedded within the hollowed
CTR tubes. Due to these constraints and complications, the design and deployment of CTR
end-effectors are very challenging. For example, [20] has explored MEMS-based end-effector
designs that are small enough to be delivered within the hollowed shaft. Nevertheless, these
end-effectors are expensive to manufacture and less efficient than other full-size robotic tools.
Due to these challenges and constraints, CTR researches and developments have slowed
down in recent years. In contrast, other continuum robot designs, such as the multi-backbone
robot, has been developed and integrated into a robotic system for single-port access surgeries
in [21]. Despite the disadvantages of CTR, researchers have explored alternative tubular
continuum robot designs and structures that retain CTR’s unique kinematics. For example,
the curvature snapping problem can be mitigated by utilizing straight tubes with pushpull actuators, as shown in [22]. However, this Stewart-platform-like structure requires a
relatively large gap between tubes. As a result, the robot diameter is considerably larger
than CTR, which is not suitable for minimally invasive procedures. Other alternative designs,
such as [23], combine multiple end-effectors in one system with the eccentric multi-arm
design. Even though this design with different end-effectors is potentially more versatile
than a typical CTR, the end-effectors’ size is still limited by tube diameters. Finally, to
address the kinematic coupling problem, [24] proposed a different eccentric robot design
where disk-shaped spacers are installed to maintain an equal distance between the parallel
tubes. Due to symmetry, by rotating these identical tubes in opposite directions, the local
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robot curvature can be controlled without interfering with other tubes. Nevertheless, it is
challenging to solve the kinematics problem because the spacers are modeled as unknown
boundary conditions for the differential equations.
Overall, the fact that these continuum robot designs are all improved based on the CTR
design motivates us to be creative. We studied many different designs and devised a new
tabular continuum robot structure, referred to as the eccentric tube robot (ETR). In this
chapter, we will first introduce the concept design of ETR and the anticipated kinematics
properties. Then, an accurate ETR kinematics model is formulated with explicit modeling
assumptions and simplifications. Finally, a numerical solution and a MATLAB simulation
are implemented to validate the claimed characteristics of ETR.

3.2

Design of ETR

To overcome the stability and dexterity limitations of CTR, the concept of the structurally
enhanced tubular continuum robot, ETR, should at least satisfy the following design objectives. First, CTR’s unique bending and curving behavior achieved by elastic tube deformations should be inherited in the ETR design. Thereby, the shape-changing behavior of
ETR can also be realized by rotating and translating different pre-curved tubes similar to
the CTR mechanics. This bending behavior also implies that the Cosserat Rod theory in
[19] can be adapted to formulate the ETR kinematics model. Second, the shape coupling
in CTR kinematics should be mitigated in the ETR. Ultimately, the goal is to control the
local robot curvature independently without interfering with the global robot curvatures.
This decoupled curvature and shape control require the ETR design to incorporate more
actuated tubes, expressly, more degrees of freedom than the CTR design. Consequently, the
redundant tube actuation allows ETR to moderate tube coupling effects depending on the
curvature configurations. Overall, these design objectives and constraints are the guidelines
that shape the final ETR structure.
As the name suggests, the tubes in ETR are arranged in parallel instead of concentrically like the CTR. Without the concentric geometry, the interactive forces and moments
between tubes disappear, and the pre-curved tubes are no longer constrained to form a unified equilibrium curvature. To reproduce the same bending behavior as CTR, we introduce
an outer constraining layer that wraps the ETR and tightens the pre-curved tubes to a joint
shape. This outer layer, or sheath, also acts as an intermediate structure that transmits
the interactive forces and moments between tubes, assuming its cross-sectional shape does
not morph under load. It is worth noting that the nitinol tubes in CTR have different dimensions in order to fit concentrically. However, the parallel tubes in ETR are purposely
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Figure 3.1: The ETR Cross-section Schematics
designed to have an identical size and pre-curvature that simplifies the manufacturing and
kinematic modeling process. Generally speaking, the structure of ETR consists of an outer
sheath containing multiple pre-curved tubes, where each tube is individually actuated at the
proximal end.
An ETR cross-section schematics is shown in Fig. 3.1, where the large outer circle represents the external sheath, and the three smaller circles indicate the three tubes inside. Note
that it is possible to use only two parallel tubes and achieve a similar curvature-varying motion, as demonstrated by the steerable sheath robot in [24]. However, the two-tube-design
is essentially under-actuated because particular trajectories between two configurations are
not viable due to singularity issues. For our ETR design, the added third tube mitigates
singularity problems and improves the overall stability and rigidity. Note that all tubes
in Fig. 3.1 inscribe
the
 outer sheath, that is, the inner diameter of the sheath can be de
2
termined as √3 + 1 dtube according to the cross-sectional geometry, and dtube is the outer
diameter of the tubes. The three-tube layout is also more compatible with end-effector designs. Compared with CTR, where the tube diameter constrains the end-effector size, ETR
accommodates larger end-effectors due to the increased robot diameter. Besides, the space
within and between the tubes showed in Fig. 3.1 can be utilized for different applications,
such as cables and sensors for actuating end-effectors and measuring loads, respectively.
One of the design objectives is that the local curvature of the ETR can be actuated by
rotating the three pre-curved tubes inside at the proximal end. Assuming the outer sheath
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Figure 3.2: An Concept ETR Design with Three Modules
is significantly more flexible than the tubes and offers almost no bending resistance. In
this case, all robot actuation is driven by elastic tube deformations. Since the tubes are
identical in ETR, by rotating these tubes in the same direction, the resultant ETR shape
reaches the maximum curvature configuration close to the tube pre-curvature. In contrast,
due to the rotational symmetry, ETR can also achieve a minimum curvature of zero if
the tube directions are 120◦ apart, as the bending moments between tubes are neutralized.
Additionally, any other curvatures within this interval are feasible with different combinations
of input tube rotations. Hence, the simple three-tube ETR is capable of operating under
different curvatures.
To further improve the dexterity and maneuverability of ETR, multiple three-tube segments can be attached in series to form a modular ETR structure. In Fig. 3.2, we present
a concept three-segment ETR design as well as the corresponding cross-section schematics.
It is worth noting that the cross-section layout is very similar to Fig. 3.1, but in addition to
three eccentric tubes, tubes from different ETR segments are inserted concentrically. This
hybrid tube layout allows all tubes in ETR to actuate independently with rotational and
translational motions. Including the external sheath that wraps the tubes for each segment,
the exterior of ETR showed in Fig. 3.2 resembles the general structure of a CTR. Looking
from a different perspective, we can also consider the ETR structure as three identical CTRs
arranged in parallel and tightly wrapped by an outer sheath. It is worth noting that the
rotational motion for all tubes in the assembly is individually actuated. In contrast, the
translational motion is synced with the other two eccentric tubes for each ETR segment to
maintain the modular structure. Consequently, there are four inputs for each ETR segment
in total, namely the three rotation angles for each tube and one translation distance for the
segment.
37

3.3. KINEMATIC MODELING

Chapter 3

With the multi-segment ETR design, the curvature coupling problem is more pronounced
since more tubes are involved in the robot actuation. Compared to a CTR, the ETR shape
coupling occurs not only between concentric segments. It also happens within eccentric tubes
in the same segment. To mitigate complex kinematic couplings, we propose a constrained
actuation strategy for ETR that simplifies the coupling effect between ETR segments. Recall
from the CTR chapter that the tube torsion function is nonlinear with respect to arc length
s when the concentrically overlapped robot portion contains more than one initially curved
tube sections. In contrast, if there are fewer than two tubes with non-zero curvature, the
corresponding torsional twist function is linear. Based on these observations, by limiting
the range of the translational motion for each ETR segment, we can prevent the curved
portion of the ETR segments from overlapping. Although this strategy may seem to be
reducing the available workspace for ETR, the adjustable curvature range for each section is
not compromised. Consequently, since the concentric segment coupling is reduced to linear
relations, we can focus on modeling the eccentric tube interactions and nonlinear torsions
within the segment.
To summarize, the ETR design is an extension and improvement derived from the current CTR structure. It achieves similar curvature-changing behavior as CTR while offering
improved compatibility and versatility by arranging the pre-curved tubes in a combined eccentric and concentric layout. We expect that the ETR design possesses several advantages
over the CTR, such as modular construction, improved robot dexterity, and higher endeffector tolerance. We also propose a constrained actuation strategy specifically for ETR to
minimize the curvature coupling associated with pre-curved tubes.

3.3

Kinematic Modeling

Since the ETR structure is different from other tubular continuum robots, its complex kinematics has not been documented in the literature. As a preliminary ETR modeling attempt,
this section mainly explores the forward kinematics of a simplified ETR design with only one
three-tube segment. Similar to the CTR modeling layout, we start with the general setup
for ETR modeling, including the design constraints, geometry abstractions, and physics assumptions. Subsequently, by implementing the same physics principles introduced in CTR
modeling, namely the constitutive equation and Cosserat rod equation, we define and formulate the mathematical equations for tube curvatures and axial torsion angles. Finally, we
derive a set of differential equations for ETR that requires appropriate boundary conditions
to solve.
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Model Setup

Akin to the CTR modeling setup, this subsection is also dedicated to defining and explaining
all "pre-requisites" for ETR kinematics modeling. Due to the structural similarities between
CTR and ETR (both are tubular continuum robots with pre-curved tubes), some of the
modeling assumptions mentioned in CTR modeling can be transcribed here. In addition to
these shareable assumptions, this subsection also includes many essential modeling simplifications that are only applicable to the ETR kinematics. For convenience, these common and
unique "pre-requisites" for ETR are sorted by the same subcategories, design constraints,
geometrical abstractions, and physics assumptions.
Design Constraints
The structure of ETR includes two main components, the tubes and the sheath, which follow
different sets of design constraints and specifications. On the one hand, the design constraints
for ETR tubes are similar to the CTR model setup, as their shape always consists of a straight
portion followed by a constant curvature portion. Additionally, recall from Section 3.2, the
tubes in the same ETR segment are identical in materials and dimensions. On the other
hand, we also have the following unique design constraints for the ETR sheath.
• The inner diameter of the sheath is a constant that correlates to the tube
 size. Recall
from Fig. 3.1 that the inner diameter of the sheath is expressed as √23 + 1 dtube ,
where dtube is the outer diameter of the tubes. This design constraint ensures that the
sheath wraps the inner tubes tightly without potential gaps that affect the kinematic
stability.
• The sheath cross-section is always a perfect circle with the exact inner diameter specified above. This design constraint requires the sheath to have high cross-sectional
rigidity, which implies that the circular sheath cross-section does not deform or collapse under loads.
• Although the sheath cross-section is rigid, it should be flexible in axial bending, as it
does not interfere with the robot actuation. This design constraint implies that the
bending stiffness of the sheath is significantly less than the tube stiffness.
Geometrical Abstractions
Since the ETR has a flexible tubular sheath, its exterior resembles a long and curved cylinder
similar to the CTR exterior. To model the ETR kinematics, we adopt similar geometrical
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abstractions to those introduced in CTR modeling to represent the corresponding position
and curvature. It is worth noting that the eccentric tube arrangement creates a slight offset
between the center of the sheath and the tubes. This tiny displacement is not negligible in
ETR modeling because the tubes possess slightly different arc lengths, which are fundamentally different from CTR modeling. Overall, we have the following geometrical abstractions
for the ETR kinematics model:
• The shape of any slender cylindrical components in ETR, such as the tube and the
sheath, can be described by its centerline that connects all cross-section centers. These
lines are denoted as li , where i = 0, 1, 2, 3, is the index corresponding to the sheath
and tubes 1, 2, and 3 respectively.
• The centerline li is parameterized by the corresponding arc length variable si , as li =
pi (si ), for i = 0, 1, 2, 3. Unlike the CTR modeling, where all tubes share the same
arc length parameterization s, for ETR, the arc length is usually different between the
tubes due to the eccentric arrangement.
• By implementing the sliding FS frame, the tangent vector of the centerline can be
defined as dpi (si )/dsi , i = 0, 1, 2, 3. At any robot cross-section, the corresponding
tangent vectors p0 (s0 ), p1 (s1 ), p2 (s2 ), p3 (s3 ) are orthogonal to the cross-section plane
and mutually parallel to each other. Fig. 3.3 shows an example of the ETR cross-section
and the corresponding tangent vectors.
• Consider rotation matrices Ri (si ) representing the orientation of the tangent
h vectors,
i|
and the relations are expressed as dpi (si )/dsi = Ri (si )e3 , where e3 = 0 0 1
and i = 0, 1, 2, 3. Since the tangent vectors are mutually parallel, we can use the
sheath rotation R0 (s0 )as a reference to rewrite other matrices. Consequently, we obtain
Ri (si ) = R0 (s0 )Rz (θi (si )), where θi (si ) is the relative z-axis rotation between R0 (s0 )
and other matrices, and Rz is the standard z-axis rotation matrix.
Physics Assumptions
The physics assumptions for ETR modeling are almost identical to those in CTR modeling,
as we justified in the previous chapter. Considering the similar bending mechanics, the
associated physics assumptions, such as the linear strain-stress curve for the superelastic
tubes and no tube elongation or deformation under loads, are also applicable here. Other
general physics assumptions, including the neglected friction and gravity effects, are also
included in the ETR modeling. However, there is one additional assumption that is critical
for ETR modeling.
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Figure 3.3: Tangent Vectors at an ETR Cross-section
• The tubes in ETR do not twist around one another like a helix. This assumption
implies that the triangular tube arrangement maintains the same orientation along
the length of ETR. Consider the cross-section geometry in Fig. 3.1, and if the tubes
are locally tilted to twist like spirals, the corresponding cross-section shape would be
ellipses instead of perfect circles. In that case, the three eccentric ellipses assembly
would require an increased outer sheath diameter to accommodate the helical tubes.
In contrast, the sheath is designed to have a rigid cross-section with a fixed inner
diameter, as explained in Section 3.3.1. Therefore, for our ETR kinematics model, we
assume the helical tube twisting is negligible.

3.3.2

Model Formulation

Utilizing the ETR design constraints, geometrical abstractions, and physics assumptions defined and explained above, we will formulate the ETR kinematics model in this subsection. It
is worth noting that some of the formulations that describe the physics of tube deformations
and interactions are adopted from CTR modeling. Although other formulations are only
applicable for ETR, we later realize that the ETR kinematics model is essentially a generalized CTR formulation. Before the actual formulation, recall the unique ETR configurations
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Figure 3.4: Rotational Symmetric Configuration for an ETR
described in Section 3.2, where the input tube rotation angles, denoted by θi (si = 0) and
i = 1, 2, 3, are 120◦ apart. The combined ETR shape is approximately straight with a zero
curvature due to the structural symmetry, as shown in Fig. 3.4. For other robot configurations where the symmetry does not exist, the following kinematic formulation solves the
problem.
To formulate the ETR kinematics, we first consider the sheath centerline l0 , defined
in Section 3.3.1, as the reference to represent the ETR curvature and length. The tube
centerlines li , i = 1, 2, 3, on the other hand, do not provide an accurate measure of the robot
curvature and length due to the eccentric tube arrangement. Noticeably, the corresponding
tube length intersecting between two ETR cross-sections can be different depending on the
curvature. This inconsistency is illustrated in Fig. 3.3, where one of the three identical
tubes at the distal end appears to be longer than the others due to the smaller bending
radius. This configuration-dependent variation in tube arc length alters the boundary values
and the integration intervals in the formulation. Hence, utilizing the sheath length that is
configuration-invariant as the reference is a better choice for formulating the ETR kinematics.
We also drop the index subscript "0" in all sheath-related variables in the formulation for
simplicity. Also, we denote any differentiation with respect to the sheath arc length s0 with
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the dot notation as:

dp(s)
= ṗ(s) = R(s)e3
(3.1)
ds
Since the sheath itself is not actuated at the proximal end to rotate like the inner tubes,
the corresponding rotation matrix function R(s) in (3.1) only involves rotations in the corresponding x and y-axis, that is, R(s) = Rx Ry . In contrast, the rotation matrices for the
tubes Ri (si ), for i = 1, 2, 3, are associated with different z-axis torsions θi (si ). Note that the
corresponding tangent directions ṗi (si ) are parallel, as explained in Section 3.3.1. Based on
these observations, if we consider R(s) as the reference rotation with zero torsion, the tube
rotation matrices Ri (si ) on the same cross-section can be written as:
Ri (si ) = R(s)Rz (θi (si ))

where i = 1, 2, 3

(3.2)

By taking the derivative with respect to the corresponding arc length parameters si , we
get:
dR(s) ds
dRz (θi (si )) dθi (si )
dRi (si )
=
Rz (θi (si )) + R(s)
(3.3)
dsi
ds dsi
dθi (si )
dsi
In addition to the rotation matrix expressions, the tube centerline positions pi (si ) can
also be represented by the sheath position vector p(s). Recall the cross-section schematics
showed in Fig. 3.1, where the three tubes inscribe the sheath in a triangular formation. From
geometry, we can determine the offset distance d between the sheath center and tube centers
√ 
3/3 dtube , where dtube is the outer diameter of the tubes. For convenience, the offset
as
distance is rewritten in the vector representation as:

h

di = Rz (φi ) d 0 0

i|


  

cos(φi ) − sin(φi ) 0
d
cos(φi )

  

=  sin(φi ) cos(φi ) 0 0 =  sin(φi ) 
0
0
1
0
0

(3.4)

where φi are the constant offset angles for each tube. Suppose we adopt the local reference
frames in Fig. 3.1 as an example, the angle of φi is measured at 0◦ , 120◦ , and 240◦ for
tube 1, 2, 3, respectively. By adding the tube offset vector and the sheath position vectors
geometrically, the tube positions on the same cross-section can be expressed as:
pi (si ) = p(s) + R(s)di

(3.5)

Consequently, if we differentiate (3.5) with respect to the corresponding arc length parameter si , we get:
dpi (si )
dp(s) ds
dR(s) ds
=
+
di
(3.6)
dsi
ds dsi
ds dsi
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Note that the derivative of pi (si ) with respect to si represents the tube tangent directions, which are mutually parallel to the sheath tangent direction ṗ(s) located at the same
cross-section, according to the assumptions in Section 3.3.1. This parallel relation can be
formulated as:
dp2 (s2 )
dp3 (s3 )
dp1 (s1 )
=
=
(3.7)
ṗ(s) =
ds1
ds2
ds3
Next, we recall the vectorized curvature representation from the previous chapter. In
short, the curvature vector u(s) of a curve is defined by its angular rate of change in rotation
per unit arc length. For ETR modeling, the same concept is utilized to describe the curvature
of the sheath and tubes as u(s) and ui (si ) for i = 1, 2, 3, respectively. Furthermore, these
curvature vectors can be expressed by the corresponding rotation matrices via Lie algebra,
which is also explained in the CTR chapter.



0
−uz (s) uy (s)


b (s) =  uz (s)
u
0
−ux (s) = R| (s)Ṙ(s)
−uy (s) ux (s)
0


0
−uiz (si ) uiy (si )


|
b i (si ) =  uiz (si )
u
0
−uix (si ) = Ri (si )Ṙi (si )
−uiy (si ) uix (si )
0

(3.8)

(3.9)

where the hat operator “ b ”, represents the conversion between the vector and the equivalent
skew-symmetric matrix. If we combine and substitute (3.1), (3.6), (3.7), and (3.8), the scalar
expression ds/dsi can be solved and isolated as:
1
1
ds
=
=
|
b (s)di
dsi
1 + e3 u
1 + ux (s)d sin(φi ) − uy (s)d cos(φi )

(3.10)

This equation is one of the most critical formulations in ETR modeling since it describes
the relationship between arc length parameters, s and si , for the sheath and tubes, respectively. It is worth noting that (3.10) is also generalizable for CTR modeling. When the offset
distance, d, is set to zero, naturally, all the tubes would be arranged in concentric instead of
eccentric. In this case, the value of (3.10) is evaluated at 1, which indicates that all tubes
here possess the same arc length. Coincidentally, this is precisely the CTR case, where the
same arc length parameter is associated with all tubes. In other words, CTR modeling can
be interpreted as a unique case derived from ETR formulations.
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Constitutive Relation
Following similar approaches as those discussed in CTR modeling, the next step in ETR
modeling is to formulate multiple constitutive equations for each tube and determine the
bending moment equilibrium at the cross-sections. By substituting (3.2) and (3.3) into
(3.9), the tube curvatures are simplified to:

ui (si ) =

R|z

dθi (si )
(θi (si )) u(s) + e3
ds



ds
dsi


(3.11)

It is worth noting that this curvature expression is almost identical to the curvature
equations formulated in the CTR modeling, but with an additional multiplier ds/dsi . If we
set the offset distance between the tubes to zero, the vector di in (3.10) becomes a zero vector,
and the corresponding value of ds/dsi becomes one. In this case, (3.11) is equivalent to the
CTR curvature expression. This observation further confirms that the ETR formulation
is a generalized version of CTR modeling. Next, recall the famous constitutive equation
introduced in the previous chapter:
mi (si ) = Ri (si )Ki (ui (si ) − u∗i )

(3.12)

where u∗i is the constant pre-curvature vector of the tubes before bending, Ki is the constant
stiffness matrix for each tube, and the subscript index i is implemented to denote different
tubes. It is worth noting that the tubes in ETR are identical with the same dimensions and
mechanical properties. Therefore, u∗1 = u∗2 = u∗3 and K1 = K2 = K3 . For simplicity, we
denote u∗i and Ki for i = 1, 2, 3 as u∗ and K, respectively.
According to the equilibrium condition, the sum of tube bending moments at the same
robot cross-section should be zero if there is no external loading, which is the case assumed
in Section 3.2. Thus, by substituting (3.11) into (3.12), the equilibrium condition for constitutive equations is formulated as:
0=
=

3
X

mi (si ) = R(s)K

i=1
3 
X
i=1

3
X

Rz (θi (si )) (ui (si ) − u∗ )

i=1

dθi (si )
u(s) + e3
ds



(3.13)
ds
dsi



− Rz (θi (si ))u∗



which can be rearranged and simplified to obtain:
∗

(Rz (θ1 ) + Rz (θ2 ) + Rz (θ3 )) u =



ds
ds
ds
+
+
ds1 ds2 ds3
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dθ1 dθ2 dθ3
u(s) +
+
+
ds1 ds2 ds3


e3 (3.14)

3.3. KINEMATIC MODELING

Chapter 3

where θi (si ) is rewritten as θi for simplicity, and i = 1, 2, 3,. Recall from the CTR modeling
that the two curvature vectors, namely the pre-curvature u∗ and the sheath curvature u(s),
are defined as:
i|
h
u∗ = u∗x 0 0
h
i|
u(s) = ux (s) uy (s) uz (s)

(3.15)
(3.16)

It is worth noting that the z-component of the sheath curvature, uz (s), actually equals
to zero. Recall from Section 3.3.2 where the sheath rotation matrix R(s) is expressed as
Rx Ry . This expression implies that R(s) only rotates about the local x and y-axis, and the
corresponding
curvatureivector u(s) defined by (3.8) is associated with zero torsion, that is,
h
|
u(s) = ux (s) uy (s) 0 . Subsequently, by substituting (3.15) and (3.16) into (3.14), the
constitutive relation of ETR can be expanded and simplified into three equations as:

ds
ds
ds
+
+
ux (s)
(cos(θ1 ) + cos(θ2 ) +
=
ds1 ds2 ds3


ds
ds
ds
∗
+
+
(sin(θ1 ) + sin(θ2 ) + sin(θ3 )) ux =
uy (s)
ds1 ds2 ds3
ds
ds
ds
+ θ̇2
+ θ̇3
0 = θ̇1
ds1
ds2
ds3
cos(θ3 )) u∗x



(3.17)
(3.18)
(3.19)

For ETR modeling, the goal is to solve for the sheath curvature u(s), especially the x
and y components of the curvature vector. According to (3.17) and (3.18), these curvature
variables are determined by two sets of variables, namely the tube torsion angles θi and the
relative arc length ratios ds/dsi . Although the latter is obtained from a different method,
the torsion angles are derived from the same approach introduced in the previous chapter.
Cosserat Rod Equations
In addition to the constitutive relations, as a tubular continuum robot, the slender tubes in
ETR can be mathematically modeled by the well-known Cosserat Rod theory [19]. In this
section, a Cosserat-based formulation method, which is similar to the approach introduced
in the CTR modeling, is implemented to describe the individual tube curvatures and deformations. Since a portion of the derivation procedures are similar, the ETR formulation will
skip the repetitive steps, such as the integral and differential form of the Cosseart Rod equations and focus on the ETR specific formulations. First, recall the Cosserat-based bending
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moment equation in the derivative form as:
dmi (si ) dpi (si )
+
× ni (si ) + ti (si ) = 0
dsi
dsi

(3.20)

where mi (si ) is the local bending moment, pi (si ) is the centerline position vector, ni (si ) is
the internal force, and ti (si ) is the external distributed moment associate with tube i at arc
length si for i = 1, 2, 3, respectively. Note that mi (si ) here is equivalent to the tube bending
moment defined in (3.12). By differentiating (3.12) with respect to si and simplifying the
result, we obtain the following equation:
d
dRi (si )
dui (si )
dmi (si )
=
(Ri (si )Ki (ui (si ) − u∗i )) =
Ki (ui (s) − u∗i ) + Ri (si )Ki
(3.21)
dsi
dsi
dsi
dsi
If we combine (3.20) and (3.21), the term dmi (si )/dsi in both equations is eliminated.
After some simplification, we can isolate the term dui (si )/dsi and obtain the following firstorder differential equation:
dui (si )
|
|
b i (si )Ki (ui (si ) − u∗i ) − K−1
= −K−1
i u
i (e3 × (Ri (si )ni (si )) + Ri (si )ti (si ))
dsi

(3.22)

Instead of solving this differential equation right away, we apply the same approach that
focuses on the z-component of the vector equation. Particularly, it is worth noting that
the z-components of e3 × (R|i (si )ni (si )) and R|i (si )ti (si ) in (3.22) are essentially zero, as
we justified in the CTR chapter. In short, because of the no-friction assumption stated
in Section 3.3.1, the external forces are only present in the directions normal to the tube
centerline, which is always perpendicular to the local z-axis. Thus, the z-component of (3.22)
is simplified as:
kix
duiz (s)
kix
=
(uiy (si ) (uix (si ) − u∗ix ) − uix (si )uiy (si )) = − u∗ix uiy (si )
dsi
kiz
kiz

(3.23)

As a differential equation, (3.22) can be solved numerically with proper boundary conditions. However, as explained in Section 3.3.2, the tubes are associated with different arc
length parameters. To eliminate the inconsistency in total arc lengths, we substitute uiy (si )
and uiz (si ) in (3.23) by (3.11), and the result is simplified as:


ds
dsi

2


θ̈i +

d2 s
ds2i


θ̇i =

−u∗ix (1


+ ν) (cos(θi )uy (s) + sin(θi )ux (s))

ds
dsi


(3.24)

where ν is the Poisson’s ratio for ETR tubes. Note that (3.24) is a nonlinear second-order
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differential equation about the unknown variables θi , for i = 1, 2, 3. With the unified arc
length parameterization, all boundary conditions for ETR can be expressed by the same
sheath arc length parameter s. Since our model is formulated based on the single-segment
ETR, there are only two boundary conditions for each tube, located at the proximal and distal
ends, respectively. If we use L to denote the total length of the sheath, the corresponding
boundary conditions are:
θi (s = 0) = θi,input

(3.25)

θ̇i (s = L) = 0
With the proper boundary conditions defined in (3.25), the set of differential equations
in (3.24) can be solved numerically by a similar approach to that introduced in the previous
chapter. However, in addition to the differential variables θi , θ̇i , and θ̈i , there are four more
undetermined parameters in the formulation, namely ux (s), uy (s), ds/dsi , and d2 s/ds2i . To
handle these unknowns, we need to derive a different method that solves them in terms of
the unknown variables, such as θi . In the next section, we will present a detailed derivation
and solution for the ETR kinematic model.

3.4

Kinematic Simulation

Heretofore, kinematic formulations for ETR have followed similar procedures implemented in
the CTR kinematics modeling, such as the constitutive formulas and the Cosserat Rod theory.
In the CTR modeling, the resultant nonlinear differential equations are ordinary with known
constant parameters, which are straight forward to implement and solve numerically. For
the ETR formulations, on the other hand, the final nonlinear differential equations derived
from the same formulas contain unknown functions such as u(s) and ds/dsi . Thus, to solve
the desired torsion angle functions θi , the kinematics model for ETR should simultaneously
solve all other unknown parameters, which is significantly more complex than the CTR
procedure. Nevertheless, (3.24) is still a set of second-order nonlinear differential equations
with two-point boundary conditions, and they are solvable under the same numerical iterative
optimization framework.
In addition to the ETR kinematics model solution, in this section, we also implement
the solution to simulate a single-stage ETR in MATLAB with controllable rotation inputs.
This simulation takes advantage of our ETR model and visualizes the resultant robot shape
and curvature in a virtual environment. With the accurate ETR kinematics simulation
implemented, we propose and demonstrate a unique control technique that reduces the com-
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putation time and tube torsion. In this control scheme, the ETR kinematics model can be
approximated by an equivalent CTR model, which is significantly more efficient to solve.
Finally, for reference, we also test and compare the performance between different ETR
simulations.

3.4.1

Model Solution

In the previous chapter, the CTR kinematic solution is obtained through numerical integration of torsion differential equations with appropriate boundary conditions. Similarly, for
ETR kinematics, we derive a different set of differential equations in (3.24), and the corresponding boundary conditions in (3.25). Despite that, the same direct integration approach
is not realizable for ETR equations because of the four unknown variables mentioned in
Section 3.3.2. If we combine (3.24) with the constitutive relations described in (3.17), (3.18)
and (3.19), it is theoretically possible to rewrite the four unknowns in terms of the variable
θi and other tube constants. However, due to the complex algebra with fraction expressions,
the substitution is challenging to execute. Hence, to solve the differential equation (3.24),
instead of expanding the high-order polynomial as the common denominator, we introduce
an indirect approach to rewrite ETR formulations. Curiously, the hint that motivates this
approach is hidden in the sheath curvature vector defined in (3.16).
In the ETR formulation, the curvature vectors are defined in the Cartesian coordinate
system, as the three corresponding components intuitively represent the change rate per unit
arc length of x, y, and z-axis rotations, respectively. As a result, the four unknown expressions in the final differential equation (3.24) all contain the sheath curvature vector u(s). If
we try to substitute or isolate ux (s) and uy (s) from (3.24), the resultant expressions become
very cluttered and sophisticated. Nevertheless, in our ETR model solution, we introduce
an alternative representation for the sheath curvature u(s) in the polar coordinate system.
Note that the spherical coordinate system is not preferred here because the z-component of
the sheath curvature vector is always zero, as explained in Section 3.3.2. By denoting uabs (s)
and ψ(s) as the curvature magnitude and the curvature direction, respectively, u(s) can be
expressed as:
h
i|
u(s) = uabs (s)Rz (ψ(s))e1 = uabs (s) cos(ψ(s)) uabs (s) sin(ψ(s)) 0

(3.26)

h
i|
where Rz (ψ(s)) is the z-axis rotation matrix, and e1 = 1 0 0 . In the new polar coor-
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dinate system, the old Cartesian coordinates ux (s) and uy (s) are expressed as:
ux (s) = uabs (s) cos(ψ(s))

(3.27)

uy (s) = uabs (s) sin(ψ(s))

(3.28)

If we substitute ux (s) and uy (s) in (3.10) by (3.27) and (3.28), the equation is simplified
to:

1
ds
=
dsi
d sin(φi − ψ(s))uabs (s) + 1

(3.29)

where the denominator only contains two expressions instead of three in the previous formulation. Utilizing (3.29), we expand and simplify the following expressions related to ds/dsi :
d
d2 s
=
2
dsi
ds



ds
dsi



ds
d sin(φi − ψ(s))u̇abs (s) − d cos(φi − ψ(s))uabs ψ̇(s)
=−
dsi
(d sin(φi − ψ(s))uabs (s) + 1)2



ds
dsi


(3.30)

Consequently, by substituting (3.27), (3.28), (3.29), and (3.30) into the differential equation (3.24), the resultant equation is simplified as:
θ̈i =

d sin(φi − ψ(s))u̇abs (s) − d cos(φi − ψ(s))uabs ψ̇(s) ˙
θi
d sin(φi − ψ(s))uabs (s) + 1
−

u∗ix uabs (s) sin(ψ(s)

(3.31)

− θi ) (d sin(φi − ψ(s))uabs (s) + 1) (ν + 1)

Similar to the previous differential equation, the new differential equation in (3.31) also
contains four unknown parameters, namely ψ(s) ψ̇(s) uabs (s), and u̇abs (s). However, different
from the last case, the value of these parameters can be expressed and determined explicitly.
To solve (3.31) and the unknowns, recall the constitutive equations derived in Section 3.3.2.
By substituting ux (s) in (3.17) and uy (s) in (3.18) with (3.27) and (3.28), respectively, we
obtain the following equations:

ds
ds
ds
+
+
uabs (s) cos(ψ(s))
(cos(θ1 ) + cos(θ2 ) +
=
ds1 ds2 ds3


ds
ds
ds
∗
+
+
uabs (s) sin(ψ(s))
(sin(θ1 ) + sin(θ2 ) + sin(θ3 )) ux =
ds1 ds2 ds3
cos(θ3 )) u∗x



(3.32)
(3.33)

If we divide (3.33) by (3.32), assuming none of the equations equal to zero, u∗x , uabs (s),
and the sum of ds/dsi are eliminated. The remaining terms are rearranged and simplified
to obtain:
sin(θ1 ) + sin(θ2 ) + sin(θ3 )
sin(ψ(s))
=
= tan(ψ(s))
(3.34)
cos(θ1 ) + cos(θ2 ) + cos(θ3 )
cos(ψ(s))
which equal to the tangent of one unknown parameter, sheath curvature direction ψ(s) from
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the differential equation (3.31). Consequently, we can express ψ(s) in terms of tube torsion
angles θi with the arctan function. For simplicity, we denote S(s) and C(s) as two functions
with respect to arc length s, and they are defined as:
S(s) = sin(θ1 ) + sin(θ2 ) + sin(θ3 )

(3.35)

C(s) = cos(θ1 ) + cos(θ2 ) + cos(θ3 )

(3.36)

Conveniently, we also calculate the corresponding derivatives of (3.35) and (3.36) with
respect to s, denoted as Ṡ(s) and Ċ(s), respectively.
Ṡ(s) = cos(θ1 )θ̇1 + cos(θ2 )θ̇2 + cos(θ3 )θ̇3

(3.37)

Ċ(s) = − sin(θ1 )θ̇1 − sin(θ2 )θ̇2 − sin(θ3 )θ̇3

(3.38)

Utilizing these new notations and expressions, we can substitute and derive the following
equations from (3.34).
tan(ψ(s)) =

S(s)
C(s)

(3.39)

S(s)
sin(ψ(s)) = p
S 2 (s) + C 2 (s)
C(s)
cos(ψ(s)) = p
S 2 (s) + C 2 (s)

(3.40)
(3.41)

Furthermore, if we differentiate (3.40) with respect to s, and then substitute the resultant
expression cos(ψ(s)) on the left-hand side with (3.41), the final equation can be simplified
and rearranged to obtain an expression for the other unknown parameter ψ̇(s) as:
ψ̇(s) =

C(s)Ṡ(s) − S(s)Ċ(s)
C 2 (s) + S 2 (s)

(3.42)

As yet, we have expressed and determined two of the four unknown parameters in (3.31),
namely ψ(s) and ψ̇(s). For the other two unknowns, uabs (s) and u̇abs (s), a similar approach is
implemented to derive more equations from the constitutive equations. Consider multiplying
both sides of (3.32) and (3.33) by cos(ψ(s)) and sin(ψ(s)), respectively, the sum of the
resultant equations are expressed as:
C(s)u∗x

cos(ψ(s)) +

S(s)u∗x


sin(ψ(s)) =

ds
ds
ds
+
+
ds1 ds2 ds3




cos2 (ψ(s)) + sin2 (ψ(s)) uabs (s)
(3.43)
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where the right-hand side can be simplified to eliminate the term ψ(s). As for the left-hand
side, we substitute sin(ψ(s)) and cos(ψ(s)) by (3.40) and (3.41), respectively. Note that the
sum of ds/dsi in (3.43) can be expanded, assuming the offset angles φ1 , φ2 , and φ3 in (3.29)
are measured at 0◦ , 120◦ , and −120◦ , respectively. After simplifying and rearranging the
equations, the unknown parameter uabs (s) is formulated by:
u∗x

p
C 2 (s) + S 2 (s) +

uabs (s) (3d2 u2abs (s) − 12)
=0
sin(3ψ(s))d3 u3abs (s) − 3d2 u2abs (s) + 4

(3.44)

It is worth noting that this equation contains constants such as u∗x and d, torsion angle
related expressions such as C(s) and S(s), and initially unknown parameters ψ(s), which
is later determined in (3.39). To further simplify (3.44), we can eliminate the fraction in
the equation by multiplying the denominator to both sides. After rearranging the resultant
equation, we obtain a third-order polynomial about uabs (s) in the following form.
a0 + a1 uabs (s) + a2 u2abs (s) + a3 u3abs (s) = 0

(3.45)

where the coefficients are defined by:
a0 = 4u∗x

p
C 2 (s) + S 2 (s)

a1 = −12
a2 = −3d2 u∗x

p

C 2 (s) + S 2 (s) =

−3d2 a0
4

(3.46)

p
d3 sin(3ψ(s))a0
a3 = 3d2 + d3 u∗x sin(3ψ(s)) C 2 (s) + S 2 (s) = 3d2 +
4
As a third-order polynomial, (3.45) and (3.46) can be solved with conventional rootfinding algorithms to determine the unknown variable uabs (s). Note that the coefficients in
(3.46) contain a previously unknown parameter ψ(s), which implies that uabs (s) is evaluated
after obtaining the value of ψ(s). This sequential solution approach is also critical for the
final unknown parameter u̇abs (s). By differentiating the polynomial (3.45) with respect to
arc length s, we obtain:
ȧ0 + ȧ1 uabs (s) + a1 u̇abs (s) + ȧ2 u2abs (s) + 2a2 uabs (s)u̇abs (s) + ȧ3 u3abs (s) + 3a3 u2abs (s)u̇abs (s) = 0
(3.47)
where the derivative of the polynomial coefficient ȧ0 , ȧ1 , ȧ2 , and ȧ3 are obtained by differ-
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entiating (3.46) with respect to s as:


2u∗x 2C(s)Ċ(s) + 2S(s)Ṡ(s)
p
ȧ0 =
C 2 (s) + S 2 (s)
ȧ1 = 0
−3d2 ȧ0
ȧ2 =
4
d3 sin(3ψ(s))ȧ0 + 3d3 cos(3ψ(s))a0 ψ̇(s)
ȧ3 =
4

(3.48)

Finally, by combining (3.47) and (3.48), the last unknown parameter from the differential
equation, u̇abs (s) can be isolated and simplified as:
u̇abs (s) = −

u3abs (s)ȧ3 + u2abs (s)ȧ2 + ȧ0
3a3 u2abs (s) + 2a2 uabs (s) + a1

(3.49)

In summary, the four unknown parameters in the differential equation (3.31) are determined and expressed by (3.39), (3.42), (3.45), and (3.49), respectively. Combine these
equations with the corresponding boundary conditions in (3.25), we can numerically solve for
the tube torsion angles θi , and consequently, the sheath curvature u(s). For completing the
ETR kinematics solution, the robot shape and coordinates are determined by integrating the
sheath curvature vectors with respect to arc length s, which is the same method introduced
in the CTR chapter.

3.4.2

Model Implementation

Based on the one-segment ETR kinematics formulation and the solution derived above, we
implement those results in a simulation environment and evaluate the kinematic properties in
this subsection. It is worth noting that this ETR implementation includes four primary steps
adopted from the CTR simulation procedures. The first step is to solve the torsion differential
equation (3.31) with appropriate boundary conditions determined by the joint configurations
at the tube proximal end. Then, utilizing the resultant torsion function solutions, we can
calculate the corresponding robot curvature represented by the sheath curvature vector u(s).
Next, recall from the CTR implementation, the Cartesian coordinates of ETR are obtained
by integrating the sheath curvature with respect to arc length s. Finally, these coordinates
are plotted in a simulated workspace to visualize the shape and kinematics of the one-segment
ETR.
Compared to the CTR equations, the torsion differential equations for ETR are more
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challenging to solve due to the additional terms and coefficients necessary for modeling its
mechanical structures and properties. Conversely, as a trade-off, the corresponding two-point
boundary conditions for ETR described in (3.25) are more accessible than CTR’s multi-point
boundary values with continuity constraints. Furthermore, to solve ETR differential equations, we rewrite and derive the unknown parameters in terms of tube torsion angles θi ,
i = 1, 2, 3 in Section 3.4.1. In the meantime, these torsion angles are also undetermined because they are the solution to the same set of differential equations. Although this solution
approach may seem contradictory since both unknowns require the other to solve, this is
the perfect situation to incorporate the optimization-based numerical differential equation
solvers, such as the bvp5c mentioned in the CTR chapter. Within each optimization iteration, the current estimated solution of θi is used to calculate the unknown parameters for the
differential equations. For the next iteration, the estimated torsion angles are updated based
on the residue evaluated from the new differential equation. As the numerical solver converges, the torsion angles and unknown parameters in the differential equations are solved
simultaneously. It is also worth noting that two of the unknown parameters uabs (s) and
ψ(s) correlates to the sheath curvature vector u(s) as defined in (3.26), which is essential
for calculating the final robot coordinates. Hence, by implementing the bvp5c solver from
MATLAB, we can solve the ETR differential equations to obtain the tube torsion angles and
the sheath curvature vector.
Subsequently, to obtain the Cartesian coordinates of the ETR robot represented by the
sheath centerline, we adopt the same curvature integration approach mentioned in the CTR
chapter. For simplicity, we skip the almost identical derivation procedures, and the resulting
equation can be written as:
Z
p(s) =

L

Z
exp

0

0

L


b (s)ds e3 ds
u

(3.50)

where L is the length of the ETR sheath. Consequently, this equation completes the onesegment ETR simulation implementation for any given input angles at the tube proximal
end. To evaluate our ETR simulation, consider a sample one-segment ETR in the workspace,
and the tube specifications are listed in Table 3.1. By randomly sampling the tube input
angles between 0 to 2π, we can determine the corresponding robot shapes and tip positions.
If such random sampling is repeated for a sufficient amount of iterations, the workspace of
this ETR can be estimated and approximated by plotting all resultant tip positions. For
example, Fig. 3.5 demonstrates the workspace of the ETR evaluated from 1000 random input
configurations, which resembles the shape of a diverging cone. Conveniently, the performance
of our simulation is evaluated by measuring the total computation time. Excluding the time
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Table 3.1: A list of tube parameters
Inner Diameter [mm]
1.57
Outer Diameter [mm]
1.92
Tube Length [mm]
94.0
Radius of Pre-curvature [mm]
120.0
Bending Angle [◦ ]
45
Young’s Modulus [GPa]
58 × 109
Shear Modulus [GPa]
21.5 × 109

Figure 3.5: Estimated ETR Workspace
spend on plotting and visualization, the ETR kinematics is outputting at a rate of 46.5
configuration per second on average. This evaluation is performed on a desktop PC with an
i7-3770 CPU and 16 GB of RAM running MATLAB 2019b.
Although the one-segment ETR has three independent tubes corresponding to the 3 DOF
rotational inputs, an almost identical workspace can be realized by an equivalent structure
with only 2 DOF. Consider an imaginary tube mechanism capable of actuating its curvature
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Figure 3.6: Contour Workspace of an ETR
and rotating about the z-axis at the proximal end. Suppose we rotate this imaginary tube
structure in a circle for every distinct curvature. In that case, the resultant tip trajectories
resemble a convex contour plot like Fig. 3.6, which is approximately the same shape and
volume as the ETR workspace. Based on these observations, a one-segment ETR can be
recognized as an over actuated robot where the three input configurations are mapped to
a 2 DOF tip motion. Furthermore, it is theoretically possible to cover the same 2 DOF
workspace with only two inputs instead of the redundant three tube rotations. Hence, we
propose a reduced actuation strategy for ETR that mirrors one of the tube rotations.
Recall the ETR design explained in Section 3.2, where the robot is actuated by rotating
the individual inner tubes at the proximal end. Since the rotation axis is parallel to the
z-axis in the local reference frame, the rotation angles can be measured at the corresponding
x-y plane. For convenience, we denote these angles as θ1 (0), θ2 (0), and θ3 (0) that range
from 0 to 2π. Nevertheless, for the reduced actuation approach, the three tube inputs are
remapped to two new control variables: the direction angle and the separation angle denoted
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Figure 3.7: Tube Rotation Angles with Mirror Actuation
by θd and θs , respectively. The relations between these angles are expressed as:
θi (0) = θd
θj (0) = θd + θs

(3.51)

θk (0) = θd − θs
where i = 1, 2, 3, j = 1, 2, 3, k = 1, 2, 3 and i 6= j, j 6= k, k 6= i. To better understand the
angle relations described in (3.51), we can visualize these angles in the x-y plane. Consider
three rays emitting from the origin, and the tube input angles θ1 (0), θ2 (0), and θ3 (0) are
the corresponding ray directions. If we apply the mirror actuation for ETR, the control
variables θd and θs can be labeled in the same plane as shown in Fig. 3.7. It is apparent
that the ray at the center, which is oriented in the direction of θd , bisects the angle formed
by the two other rays. Additionally, the angle between the center and side rays is equal to
the separation angle of θs . These observations reveal one of the fundamental motivations
of implementing the mirror actuation over the direct tube inputs, maintaining a kinematic
symmetry in the ETR modeling. It is worth noting that the kinematic symmetry, achieved by
the mirror actuation method, is an approximation rather than a strict structural symmetry.
Due to the eccentric triangular tube arrangement, there are only three symmetric axes for the
cross-section geometry showed in Fig. 3.1. Regardless, considering the small offset distance
between the tubes, the resultant shape deviation is negligible in the asymmetric directions.
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Compared to the direct 3 DOF tube actuation, the remapped 2 DOF symmetric actuation
scheme for ETR offers several advantages. First, due to symmetry, the torsional bending
effect between the tubes is equalized. As a result, the resultant shape is always approximately
a planner curve, which is more practical than 3D curves in applications. In addition to the
torsion-less shape, the symmetric actuation approach also allows the direct control of the
ETR curvature and bending direction. Recall the imaginary tube mechanism mentioned
before, where the robot actuates its rotation and curvature directly. Similar motions are
achievable with ETR by varying the control variables defined in (3.51). For example, consider
a case where the direction angle θd is a fixed constant. As the separation angle, θs increases
from 0 to 120◦ , the curvature of the resultant ETR shape slowly decreases to a straight
configuration, while the direction of the bending remains the same. By contrast, if we fix the
separation angle θs instead, as the direction angles θd changes, all three tube input angles in
(3.51) change accordingly. Simultaneously, the ETR curvature remains the same while the
direction of the bending follows θd . These examples prove that the control variables θs and
θd directly correlate to the bending and rotation of the one-segment ETR, respectively.
To verify and evaluate the symmetric control approach for ETR, we implement the control
variables θd and θs in the ETR kinematics simulation. By plotting the ETR tip positions
for different control variable combinations, the resulting robot kinematics and workspace are
shown in Fig. 3.8. Compared to the workspace in Fig. 3.5, where the 3 DOF rotational
inputs are independent, the loss in workspace and dexterity with the reduced control method
is minimum. In return, we obtain a direct mapping between the ETR shape and actuation
inputs that is a lot more intuitive for trajectory planning and position control. Additionally,
for convenience, we also evaluate the simulation performance of the reduced control approach
for ETR. Although the solution approach and the computation hardware are unchanged, due
to the significantly reduced torsion in the system, it takes less time for the bvp5c solver to
converge. On average, the kinematics calculation speed is about 48.5 configurations per
second without visualization and rendering, which is about 4.3% better than the redundant
actuation approach.
It is worth noting that the ETR workspace in Fig. 3.8 is evaluated for only one tube
index assignment, that is, the indices i, j, and k in (3.51) are always 1, 2, and 3, respectively.
Nevertheless, there are six possible index permutations for the same control variables in total,
and they correspond to six different input configurations for the ETR. If we simulate and plot
the ETR kinematics for these permuting configurations, the resultant robot shape diverges
slightly, as shown in Fig. 3.9. For comparison, we also simulate and plot an additional
reference ETR, where the offset distance between the tubes is changed to zero, that is,
d = 0. In this reference scenario, although it is not feasible in practice, the tube indices
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Figure 3.8: Estimated ETR Workspace with Symmetric Actuation
can be interchanged without altering the overall shape because the tubes are identical with
overlapping centerlines. Essentially, this zero-offset reference setup is equivalent to a CTR
that approximates the real ETR kinematics model and shape.
From these simulations in Fig 3.9, we observe that the tip of permuting ETR configurations resemble a hexagonal shape in the workspace. Meanwhile, note that the tip position of
the reference ETR is located approximately at the center of the hexagon. Furthermore, if we
recreate the same plot with different values of θd and θs , the hexagon-like tip arrangement
persists, and the reference ETR tip stays at the center. This consistency in tip arrangements further proves that the ETR kinematics formulation is a generalized CTR model with
a non-zero offset distance between tubes. Consequently, we can measure the tip distances
between different permutations of the ETR configuration and the reference setup. For the
specific configuration shown in Fig 3.9, the maximum tip deviation is about 0.36mm, which
accounts for less than 0.04% of the total robot length. Practically, if we use the reference
CTR shape to approximate the ETR kinematics, the simulation error at the tip is expected
to be ±0.36mm, which is negligible for conventional applications. In return, the approximated ETR model is computationally more efficient because the CTR formulation is more
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Figure 3.9: A CTR and ETR Permutations Configurations
straightforward to solve. By repeating the same performance evaluation as before, the simulation speed of the reference ETR setup is about 65.4 configurations per second, which is
roughly 35% faster over the symmetric actuation approach.
To summarize, this section implemented a kinematics simulation for the single-segment
ETR model formulated in Section 3.3.2 and Section 3.4.1. From the simulations, we evaluate and estimate the workspace of ETR by randomly sampling the input configurations.
Next, we propose a symmetric control method that decouples the ETR kinematics into two
independent motions, rotation and bending, controlled directly by two new inputs, direction
angle θd and separation angle θs , respectively. Combining this with the zero-offset ETR
approximation model, we not only improve the kinematics simulation speed and preserve a
decent workspace and accuracy. Additionally, our ETR implementation is also more robust
to the snapping problem since we have less torsion and more redundancy than a CTR. Ultimately, utilizing the efficient single-segment ETR implementation as a foundation, the goal
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is to explore and develop kinematics models for the multi-segment ETR in the future.

3.5

Conclusion

This chapter introduced a different tubular continuum robot inspired by CTR and parallel
continuum robots, namely the ETR. The structure of ETR includes several modular telescoping segments, and each segment consists of three actuated pre-curved tubes wrapped
by a flexible outer sheath. Although the eccentric structure is more complicated than the
concentric one, it offers several kinematic advantages that outperform CTR in many aspects,
such as enhanced stability and dexterity. Instead of formulating the entire multi-segment
ETR in one go, we focused on the single-segment ETR modeling as a preliminary study
in this chapter. First, by adopting the constitutive equations and Cossserat rod equations
introduced in the CTR chapter, an ETR kinematics model was derived. Note that the ETR
specific characteristics, such as different tube curvatures and varying boundary conditions,
are also captured in the modeling. Consequently, utilizing the differential equation solver
bvp5c from MATLAB, a numerical solution for the ETR kinematics model was derived after a trivial substitution and simplification. This solution allowed us to simulate the ETR
kinematics and evaluate the corresponding workspace. Furthermore, to simplify ETR kinematics and improve the simulation speed, we proposed the symmetric actuation scheme and
the zero-offset approximation model. After implementing these innovations, the kinematics
simulation speed was about 15ms per configuration on average, which is about 41% faster
than the original solution. This efficient single-segment ETR implementation is an appealing
starting point, and we are working on expanding it for multi-segment ETR modeling in the
future.
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Chapter 4
Prototyping of Tubular Continuum
Robots
4.1

Introduction

The previous chapters introduced the mathematical formulation and kinematic modeling
for two different tubular continuum robots, namely CTR and ETR. These models were
implemented in a simulation environment to evaluate the anticipated kinematic properties
and characteristics. However, to truly validate the theoretical and simulation predictions,
a necessary step in robotics research is to build an engineering prototype and test it via
experiments. For tubular continuum robots like CTR and ETR, this is no exception. Considering that various CTR prototypes have been built and tested by researchers, such as [17],
[7], [25], we decided to investigate via an ETR prototype. Despite the structural differences
between a CTR and an ETR, their prototype constructions share many similar procedures
and components. For instance, both robots require pre-curved nitinol tubes with custom
curvatures and dimensions. Hence, the prototyping experience and fabrication techniques
for ETR are also mostly applicable to other tubular continuum robots like the CTR.
This chapter introduces the ETR prototyping problem in two sections: nitinol tube
shape-setting and ETR prototype engineering. Pre-curved nitinol tubes are the fundamental components for tubular continuum robots, as their shape actuation is enabled by the
curvature interaction and deformation between different tubes. The key to a functional and
accurate ETR prototype is to fabricate nitinol tubes to the exact shape and curvature that
match design specifications. Typically, the shape setting procedure involves heating the nitinol tube in a custom mold to reach the specific transition temperature. As the other half
of the ETR prototyping problem, the robot’s engineering design is equally important. One
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of the engineering challenges, for example, is determining an appropriate sheath structure
that satisfies all design constraints. Other issues, such as the actuation mechanisms at the
tubes’ proximal ends, also require careful considerations. At the end of this chapter, we integrate the EM sensing system with the ETR prototype to perform experimental validations.
Consequently, the experimental data is collected, analyzed, and compared with simulation
results for various robot configurations.

4.2

Shape-setting of Nitinol Tubes

Theoretically speaking, it is possible to construct tubular continuum robots from different superelastic materials, such as 3D-printed polymers [26], or copper-based shape memory alloys.
However, considering the potential application scenario and material accessibility, nitinol is
the preferred tube material for our ETR prototype. Depending on the alloy composition
and manufacturing process, nitinol can have different properties for various applications.
For instance, as a shape memory alloy, nitinol actuators can be manufactured with different triggering temperatures. For our tubular continuum robot applications, the superelastic
variant of nitinol is sourced from the manufacturer in a straight tube format. Since these
tubes are superelastic, it is not feasible to reshape them to the desired curvature only with
mechanical methods. It is also worth noting that the curved tubes in the ETR prototype
should still inherit the original superelastic behavior. To permanently deform nitinol while
maintaining its superelastic property, a precise heat treatment process that rearranges its
metallic crystal structure is required. In addition to heating, a reliable mold is essential for
keeping the tube in the desired shape during the heating cycle. In this subsection, we will
address both heating and molding problems for nitinol shape-setting.

4.2.1

Tube Heating

The exact transition temperature for shape-setting superelastic nitinol is different depending
on the alloy composition and manufacturer. For our specific set of nitinol tubes, according to
the manufacturer’s recommendations, the crystal transition temperature is between 500◦ to
550◦ , and such temperatures can be reached with various heating methods. Here, we review
and compare two opposite heating approaches, namely passive and active heating, both of
which have been proven effective in previous studies for nitinol tubes.
The conventional approach for passive heating utilizes a high-temperature electric oven
with features to adjust the heating temperature. This heating method has been applied in
previous CTR research projects, as documented in [25]. On the one hand, as a passive heating
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approach, the electric oven offers uniform heat distribution and precise temperature control,
which is essential for consistent shape-setting outcomes. On the other hand, the oven method
is also highly inefficient from two perspectives. First, the tube mold used was machined from
a relatively thick steel slab to minimize buckling and bulge during the heating cycles due to
thermal expansions. According to [25], the previous nitinol shape-setting attempts adopted
a half-inch-thick low-carbon steel mold, weighing over 5.5kg. In the heating process, this
steel mold not only absorbs significantly more thermal energy than the tube, reducing the
heating efficiency, it is also dangerous to handle as a red-hot slab. The other aspect of
the inefficiency is related to the tube shape. A typical electric oven usually has a cube-like
internal volume to maximize its versatility. However, the slender tube shape implies that
the corresponding mold often possesses a footprint with a high aspect ratio. Therefore, the
appropriate ovens are relatively large in dimensions to accommodate the mold shape, while
most of its internal volume is not utilized. Due to these reasons, the passive heating approach
takes a considerable amount of time and energy to pre-heat the oven and the mold. If we
also consider the machining cost of the steel mold, the complete shape-setting process is
expensive and inefficient.
In contrast to the passive heating, an alternative active heating approach for shape setting nitinol was published in [27]. Since nitinol is a metal conductor with non-zero resistance,
it generates heat under current flow due to resistive heating (Joule heating). Utilizing this
property, the authors in [27] proposed an adjustable current supply circuit that employs the
nitinol tube as the circuit load. It is worth noting that the heating circuit for shape-setting
is powered by a commercial lead-acid battery instead of the more accessible wall outlet.
Since nitinol tubes are excellent conductors with small resistivity, to generate sufficient heat
and reach the transition temperature, the power supply should output high currents without
tripping. The lead-acid battery can supply up to hundreds of amperes when powering the
starter motor in vehicles, and it is also safer to handle than the AC outlet due to the lower
voltage. The temperature control in active heating is achieved by a MOSFET modulated by
a PWM signal. A thermocouple is integrated with the mold to measure the temperature and
provide feedback. The authors in [27] also demonstrated that the active heating approach
is quicker and more energy-efficient than the passive method. On the downside, the proper
temperature settings require separate tuning and calibration procedures for tubes with different lengths and diameters. Additionally, the shape-setting consistency of the active heating
approach may be compromised compared to the passive approach.
Although either the passive and active heating approaches are viable for ETR prototyping, only one heating method is chosen for our project due to time and cost constraints.
Coincidentally, we have a ready-build battery heating setup in the lab, engineered by a pre64
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Figure 4.1: The Battery Heating setup for Nitinol Shape Setting
vious research student [25]. He also provided detailed documentation about the setup design,
construction, and heating instructions. According to his report, this battery setup was engineered following the same design schematics and circuit diagrams proposed in [27]. When
working correctly, the circuit should heat the nitinol tube to the transition temperature and
finish the shape setting process within minutes. In addition to the faster heating time and
better energy efficiency, as a side benefit, the temperature setting tuning and calibration are
unchanged for ETR tubes because they are identical in shape and dimensions. Thus, the
active heating approach is selected to fabricate nitinol tubes for our ETR prototype.
To utilize the battery heating setup in the lab, we first need to understand the function
of different circuit components and reassemble them correctly. Referring to the report,
we learned that the shape-setting circuit consists of four major components, namely the
control box, lead-acid battery, switching MOSFET, and the mold assembly integrated with a
temperature sensor, as shown in Fig. 4.1. The latter three components are connected in series,
which completes the circuit loop for active heating, as shown by the green wires in Fig. 4.1.
The unconnected component, the control box, consists of a display, a button, a rotary dial,
an emergency stop switch, and an Arduino microcontroller inside with a dedicated power
supply. This box receives signals from the temperature sensor and provides a feedback signal
that modulates the switching MOSFET. Note that the feedback signal’s duty cycle, which
correlates to the tube target temperature, can be adjusted manually via the rotary dial.
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Figure 4.2: The Low-Carbon Steel Mold for Nitinol Shape Setting

4.2.2

Tube Molding

Following tube heating, the other shape-setting requirement is bending the nitinol tube to
the desired shape. Conventionally, this step involves a custom fixture that constrains the
tube to the exact desired shape. For example, as mentioned in Section 4.2.1, the low-carbon
steel mold in Fig. 4.2 is employed to pre-shape nitinol tubes in the electric oven. Although
this metal molding material is suitable for the passive heating method, it is not appropriate
for our battery heating approach. During the active heating process, the nitinol tube is
simultaneously a heat generator and an electrical path. Since the mold fixture is machined to
fit tubes with minimal tolerance, the direct contact between the tube and steel mold allows
heat and current to leak with relatively low resistance. Considering the mold’s thermal
mass and electrical conductivity, it absorbs a significant amount of heat and distributes the
current. These properties significantly reduce the overall system efficiency and increase the
fabrication time, defeating the purpose of active heating. Thus, instead of low-carbon steel,
we demand a different molding material that insulates both heat and electricity well, and
some of the candidate materials are listed below.
In the original active heating research in [27], the authors recommend a wood-based
molding material, namely the medium density fiberboard (MDF). On paper, this low-cost
material is both electrically and thermally insulating, and the tube shape can be easily
engraved with laser machining. However, as the nitinol shape-setting temperature is above
500◦ , the MDF mold may be ignited by the hot tube in the heating process. In [27], the
authors claim that the mold only chars at the contacting surfaces rather than catching fire due
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Figure 4.3: MDF Mold for Nitinol Shape Setting
to the short heating time. In our heating experiments, the MDF mold emits a considerable
amount of smoke. We also observe that a layer of MDF char accumulates at the contacting
areas. This charred layer peels away easily, transforming the original shape and curvature
over time. After a couple of shape-setting trials, the resulting tube curvature is no longer
accurate because of the altered mold pattern, as shown in Fig. 4.3. Since ETR prototyping
requires three identically shaped tubes, potentially more if we consider the initial tuning and
calibration procedure for the battery heating, the MDF molding material is unsustainable
for our use.
The other well-known insulation material is ceramic, and one variant of that is machinable
glass-mica ceramic. This specialized ceramic material offers excellent thermal and electrical
insulating properties while being high temperature resistant. A small ceramic mold sample
is shown in Fig. 4.4. In our shape setting tests, this robust mold showed no signs of burning
or deformation. However, the performance and properties of the machinable ceramic mold
come at a cost. The price of one sizable machinable ceramic slab can be as high as a
thousand dollars, depending on the thickness and size. Hence, it may be less expensive
to order tubes pre-curved by the manufacturer instead of fabricating them to the desired
shape in a lab setup. Additionally, other less-expensive insulating materials may also possess
similar properties as ceramics.
One such material is Calcium Silicate. Due to its low thermal conductivity, Calcium
Silicate sheets are often employed as high-temperature insulation and passive fire protection
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Figure 4.4: Ceramic Mold for Nitinol Shape Setting
materials in power generation applications. Compared to the ceramic material mentioned
before, calcium silicate is much more affordable because it exists naturally as the mineral
larnite. Additionally, as a silicate compound, it possesses low electrical conductivity, which
is essential for our battery shape-setting application. With these properties, calcium silicate
sheets could be the ideal molding material if we can precisely machine the desired tube
curvature. Such accurate fabrication requirements are achieved by a specialized miniature
endmill attached to a CNC milling machine. A sample calcium silicate mold with the tube
installed is shown in Fig. 4.5. It is worth noting that the tube extends to the mold edge,
connecting the heating circuit terminals via an adjustable clamping mechanism. After several
successful shape-setting tests, we think calcium silicate is the preferred molding material for
our active heating approach.
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Figure 4.5: Calcium Silicate Mold for Nitinol Shape Setting

4.2.3

Results and Discussion

By integrating the battery heating circuit and the calcium silicate mold, we obtained a
complete fabrication setup that reshapes nitinol tubes for our ETR prototype. However,
according to the documentation mentioned in Section 4.2.1, some heating circuit features
are disabled due to hardware and software difficulties. For instance, the Liquid Crystal
Display (LCD) on the control box only shows a number between 0 to 255, which correlates
to the switching signal’s duty cycle. Similarly, although the thermocouple is connected to
the control box, the temperature feedback control loop is also disabled due to unreliable
temperature readings. This inaccuracy is caused by the probe enclosure design, a flat tip
shaped to measure ambient temperature rather than a concentrated heat source like the
red-hot tube. Consequently, the metal probe enclosure may also create a short circuit if
it touches the tube. To overcome these limitations and constraints, we had to modify the
battery heating setup and improve the shape setting procedures.
Recall from Section 4.2.1, one of the most critical steps in battery heating is to tune
and calibrate the target temperature to match the tube’s specific transition temperature.
Without temperature feedback from the thermocouple, we rely on the rotary dial located on
the control box to manually adjust the switching signal duty cycle, which indirectly controls
the heating temperature. To determine the proper temperature settings, we start with the
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Figure 4.6: Nitinol Tube Color after Shape Setting
ambient temperature and slowly increase the signal duty cycle to heat the tube. After one
minute of heating, the tube is removed from the mold and cooled to room temperature.
We can estimate the shape-setting progress by assessing the tube spring back and shape
deviation, consequently adjusting the signal duty cycle in the following heating treatment.
Note that this repetitive manual tuning approach is both time and patience consuming.
In the worst case, although the final shape matches the mold, the nitinol tube may be
overheated and lose its superelastic property. If that happens, the overheated tube cannot
be used for robot prototyping, and we start again with a new tube and repeat the procedure
at a lower heat setting. Also, as the lead-acid battery slowly drains in the heating process,
the supply voltage drops slightly depending on the state of charge (SOC). For accurate
tuning and calibration, the battery is often recharged between trials to maintain a consistent
output voltage. After the heat treatment, a thin metal oxide layer forms on the nitinol
surface, diffracting the incoming light and shifting the color appearance. Since the oxide
layer’s thickness correlates with the heating temperature, we can roughly evaluate the shape
setting consistency by observing and comparing the color difference between tubes. In our
experiments, as shown in Fig. 4.6, the reshaped nitinol tube has a purple-yellow finish if the
temperature is tuned and calibrated appropriately. Not to mention that these tubes still
maintain their original superelastic property, and they are suitable for our ETR prototype.
Our experimental shape-setting trials also reveal several problems and limitations associated with the current battery heating setup. For instance, the terminal clamps are machined
from an aluminum block, as shown in Fig. 4.7. With high current flow, this clamp design
lowers the circuit resistance and reduces the corresponding power loss. However, these terminal clamps also act like heatsinks that absorb a considerable amount of heat from the hot
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Figure 4.7: Terminal Clamps for Nitinol Shape Setting
tube, creating a temperature gradient at the endpoint. This uneven heat distribution can
be observed visually during the shape-setting process, as the tip portions of the tube glow
darker than the other areas. Although the terminal heatsinking problem can be addressed
by increasing the clamping clearance distance, the tube’s center portion still heats up to a
higher temperature due to the surrounding insulating materials and slower heat dissipation
rate. The other problem associated with the active heating approach is the thermal expansion of nitinol tubes, which implies that the tube length elongates as the temperature rises.
Since the mold and the terminal clamps do not expand with the tube, the axial elongation
results in a distorted tube shape near the clamping point.
Despite the minor issues mentioned above, we still prefer the active heating approach
rather than the passive one due to its better efficiency and lower cost. For future shapesetting needs, the current battery heating setup can be upgraded to address some hardware
limitations. These modifications include redesigning the current clamping mechanism to reduce thermal capacity and allow some tube movement for thermal expansion. Consequently,
a proper temperature sensing device, such as a thermal camera, can be integrated into the
system to improve the tuning experience and calibration consistency. The thermal camera
also helps to monitor and diagnose the uneven temperature distribution during the shapesetting process. Furthermore, since the temperature variation is caused by the different heat
dissipation rate rather than the generation rate, utilizing the temperature sensor data, we
can create a matching ventilated top mold that equalizes the overall heat dissipation speed.
With these improvements, we think the active heating shape-setting process will be more
reliable and consistent.
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Engineering of ETR Prototype

Fabricating pre-curved nitinol tubes is only one of the many procedures in ETR prototyping.
In this section, other structural components and engineering processes are introduced. Recall
from the ETR design, the robot’s exterior consists of a flexible sheath layer that constrains
the inner tubes together to sustain curvature interaction. The sheath design is critical
for our ETR prototype because it needs to satisfy several mechanical properties defined
in the model assumptions. With appropriate tube and sheath designs for the prototype,
the objective is to validate robot kinematics and evaluate modeling accuracy. As a proof
of concept, we start with a single-segment, manually actuated ETR prototype with only
three tubes, which reduces prototyping complexity and cost. Although the tube rotations
are manually adjusted, the symmetric input coupling mentioned in the previous chapter
can still be achieved and validated. As for experimental data collection, this prototype is
integrated with electromagnetic (EM) sensors, which measure the robot’s spatial coordinates
and orientations. Finally, for comparison, these data are processed and visualized with
simulation results, evaluating the ETR model accuracy and kinematic properties.

4.3.1

Sheath Design

As an essential component in the ETR prototype, the sheath’s purpose is to constrain the
nitinol tubes tightly together, even if the tubes are rotated to curve in different directions.
Hence, the sheath structure is required to be relatively rigid to withstand the tube deformation moments. In contrast, the sheath is also designed to follow and comply with the
adjustable segment curvature without adding bending resistance or bias. Due to these design
constraints, the sheath structure should simultaneously possess high cross-sectional rigidity
and low axial bending stiffness. These opposing mechanical properties minimize the sheath
interference in ETR kinematics, which is critical for the ETR prototype to match the modeling assumptions. One possible "sheath" design can be found in other parallel continuum
robot researches, such as Fig. 4.8 from [24], where a flexible center backbone strings multiple
thin spacing disks. This sheath design utilizes eccentrically arranged openings on the spacing
disk to constrain tubes together. However, the tube offset distance is relatively large due to
the central backbone, which is not desirable for the ETR. Additionally, each spacing disk
introduces an extra unknown boundary point in the differential equations, increasing the
computational effort. Considering these issues, we look for a more appropriate and elegant
sheath design for our ETR prototype.
Taking inspiration from the spacing disks, if we connect the disks and remove the central
backbone, a spring-shaped sheath design would appear reasonable. Due to the coiled shape,
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Figure 4.8: Sheath Design with Spacing Disks and Central Backbone
the spring sheath satisfies both design requirements with high cross-section rigidity and
low axial bending stiffness. It also offers a continuous constraint over the entire segment,
eliminating all boundary points except for two endpoints. Since the sheath’s inner diameter
is determined to accommodate inner tubes precisely, we used a stainless-steel spring as the
prototype sheath to reduce the contact friction between the tube and sheath, as shown in
Fig. 4.9. It is also worth noting that stainless steel is compatible with EM sensors placed
inside the sheath. In our experiments, the EM sensor output is stable without noticeable
interference from the stainless-steel spring. Finally, springs are relatively inexpensive and can
be ordered with customized dimensions and wire thicknesses. Our off-the-shelf spring sheath
is 0.889mm in wire diameter, which accounts for almost 30% of the ETR outer diameter. For
future ETR prototypes, we can reduce the sheath thickness and the robot’s outer diameter
with customized thin-wire springs.

4.3.2

Robot Assembly

In addition to pre-curved tubes and the outer sheath, the tube actuation mechanism design is
also critical for robot assembly. For demonstration purposes, our ETR prototype is manually
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Figure 4.9: Sheath Design with Stainless-Steel Springs
actuated, and the tube driving unit located at the proximal end is much simpler to design
and assemble than a motorized setup. As shown in Fig. 4.10, the three tubes are attached
directly to three small gears at the proximal end, driven by the corresponding gear rack.
These gears and gear racks are arranged in different modular layers stacked horizontally,
which minimizes the footprint of the actuation mechanism. It is worth noting that the
eccentric tubes are slightly separated towards the proximal end. This tube divergence is
necessary to maintain rotation clearance for the actuation gears. A buffering section can be
implemented in the ETR, which allows the superelastic tubes to merge and transition into
the sheath.
For our ETR prototype, the actuation gears are 25.6mm in diameter, which is the smallest
we could find in stock off the shelf. A secure mechanical bonding between the gear and tube
is established with a custom brass adaptor and epoxy glue, as shown in Fig. 4.11. This
brass adaptor is machined with horizontal openings, allowing more epoxy to be applied and
strengthening the bonding. Consequently, our ETR prototype is also designed with a 5cm
tall buffering section to merge the 2cm gap between tubes gradually. As shown in Fig. 4.12,
the top plate marks the end of the buffering section and the start of the robot sheath. Since
nitinol tubes are super elastic and the buffering section only contains initially straight tube
portions, the corresponding kinematics disturbance is minimal.
Furthermore, we need to implement a method to determine tube rotational inputs for
the manually actuated setup. The measurement is accomplished by attaching an arrow at
the tube proximal end, pointing in the same direction as the tube pre-curvature. As the
tube rotates, the pointer direction changes synchronously, measured by a printed circular
protractor glued on the base plate below the pointer, as shown in Fig. 4.13. This simple
setup helps us to track the robot input angles with an accuracy of 5◦ . Together with the
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Figure 4.10: Actuator Unit Design for ETR Prototype

SOLIDWORKS Educational Product. For Instructional Use Only.

Figure 4.11: Tube Adaptor Design
actuation unit, pre-curved tubes, and the sheath, our ETR prototype is mostly assembled
and ready for validation experiments.

4.3.3

Experimental Validation

For experimental validation of the ETR, the data is collected from the NDI Aurora EM
sensing system integrated with the prototype. This sensing system includes a system control
unit for communicating with the host computer, an EM field generator placed behind the
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Figure 4.12: Buffering Gap in the ETR Prototype

Figure 4.13: Protractor Stickers for Measuring Input Rotation Angles
robot, and 5 DOF EM trackers, as shown in Fig. 4.14. These EM tracking probes are thin
enough to be inserted into the tube from the proximal end. Note that the tracking probe
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Figure 4.14: Nitinol Tube with EM Tracker Inserted and EM Field Generator Behind
should be positioned at the sheath’s endpoint instead of the tube endpoint, indicating that
the insertion depth is determined base on the sheath length, not the tube length.
Due to the eccentric tube configuration, the robot shape is represented by the sheath
centerline, not the tube centerlines. This eccentric tube offset implies that the position data
measured by inserting a single EM sensor into one of the tubes is always biased towards
one direction. Since our EM sensor does not fit in the gap between the three tubes, as
a workaround, we insert three EM probes, one in each tube, to obtain the corresponding
position data. Consequently, the coordinates of the sheath centerline can be estimated by
averaging the three EM measurements. This averaging approach also eliminates some of the
random signal noise and improves measurement accuracy.
The general approach for kinematics validation is to actuate the prototype with the same
input configuration as the simulation and compare the resulting shapes. However, as a manually actuated prototype, adjusting tube rotation angles for each random configuration in
the actuation space is inefficient and time-consuming. Alternatively, a more efficient validation strategy that selects a few representative robot configurations from the entire workspace
is recommended for eliminating repetitive measurements. Recall from the ETR simulation
that the symmetric actuation scheme allows us to adjust the robot bending curvature and
bending direction separately while incorporating most of the original workspace. Utilizing
this strategy for our ETR prototype, we can validate the ETR kinematics with the following
procedures.
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Figure 4.15: ETR Prototype Adjustable Curvature Range:
Minimum (Left) vs. Maximum (Right)
Starting with the straight configuration, first, we manually adjust the tube rotation angles until they are 120◦ apart. In this configuration, since the segment shape is straight,
the measured tip coordinates should correspond to the sheath length. Then, we reduce the
separation angle by 30◦ , which increases the robot curvature accordingly. With this new
curvature, we can rotate the segmented about the z-axis by adjusting the corresponding
direction angle. If each step of adjustment is 20◦ , a full rotation produces 18 robot configurations in different directions with the same curvature controlled by the separation angle.
Note that the EM sensors log the corresponding tip coordinates of all the configurations.
After completing the circle, we reduce the separation angle again by 30◦ to increase the
robot curvature. With the new curvature, we repeat the same procedure of adjusting the
direction angle in 20◦ steps and obtain 18 more tip coordinates measured by the EM trackers.
Finally, the validation procedure is terminated once we complete the circle with a separation
angle of 0◦ , which corresponds to the curvature limit of ETR. The collected data is then
analyzed to compare with the simulation results. As a demonstration, Fig. 4.15 shows the
ETR prototype in the maximum (tube pre-curvature) and the minimum (straight) curvature
configurations.

4.3.4

Results and Discussion

Since the EM sensor measures spatial coordinates relative to the EM field generator, the
collected data is processed to align the reference frame origin with the robot’s proximal
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Figure 4.16: Experimental Validation of ETR vs. Simulation Results
end. Similarly, the z-axis orientation is also calibrated to match the corresponding tangent
direction determined by the robot straight configuration. The processed data can then be
visualized with the simulation results, as shown in Fig. 4.16.
Fig. 4.16 contains four distinct concentric circles, which correspond to the simulation
results for different robot curvatures controlled by the separation angle θs . Although the
experimental trajectory (square dots) is not perfectly circular with measurable deviations
compared to the simulation, it resembles the same concentric pattern. By evaluating the
distance between experimental measurements and simulation results, we can analyze the
average tip error for different separation angles and different direction angles, as listed in
Table 4.1. Conveniently, we can also visualize the error data in a radar plot. From Fig. 4.17,
we observe that the cyan circle representing the 90◦ separation produces the highest average
tip error of 5.5mm, and 140◦ direction angle is the most inconsistent for our ETR prototype.
As a reference, the maximum deviation distance is about 12.7mm, which accounts for about
13.5% of the total robot length.
Even though the current setup does not have the actuation accuracy to validate all ETR
kinematic properties, for example, the interchangeable input configurations, the experimental results mostly agree with the simulated ETR kinematics and workspace. As a manually
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Table 4.1: Measured ETR Tip Error for Different Configurations

Separation
Angle
(Degrees)

Tip Error
(mm)
0
30
60
90
Mean

0
3.1
3.8
1.8
1.8
2.6

20
3.8
3.4
2.1
2.2
2.9

40
2.3
1.8
1.6
3.0
2.2

60
1.0
0.7
2.6
3.5
1.9

80
0.8
1.1
4.6
8.0
3.6

100
1.6
2.6
5.9
6.6
4.2

120
1.0
2.3
6.4
9.0
4.7

Direction Angle (Degrees)
140 160 180 200 220 240
1.6 1.7 1.3 2.2 2.6 3.4
1.9 1.8 2.0 2.1 1.3 2.0
6.6 6.4 6.6 5.7 4.5 3.3
12.7 7.5 7.4 10.3 8.1 5.3
5.7 4.4 4.3 5.1 4.1 3.5

280
2.8
2.5
2.3
2.0
2.4

300
3.7
3.5
2.1
3.0
3.1

320
3.7
4.1
2.9
2.2
3.2

340
3.9
4.4
3.1
2.4
3.5

Mean
2.4
2.4
3.9
5.5
3.6

0

Separa�on Angle
0
30
60
90
Mean

260
3.5
2.1
2.3
4.4
3.1

340

14.0

20

12.0

320

40

10.0
8.0

300

60

6.0
4.0
280

80

2.0
0.0

260

100

240

120

220

140
200

160
180

Figure 4.17: Visualization of ETR Tip Error in Different Directions
actuated prototype, multiple factors could contribute to the overall position uncertainty. For
instance, from the robot hardware point of view, the actuation unit components are measured and crafted by hand and non-CNC tools. Consequently, the assembly gap between
layers and gear backlash in the driving mechanism is very noticeable during robot actuation.
The inaccurate tube shape and non-ideal sheath properties may also be a source of uncertainty. From the human operation perspective, the input rotation angle measured from the
protractor sticker is not reliable. The manual angle adjustment involves some estimations
and corrections, offering inconsistent judgments and unpredictable readings. Therefore, the
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actual tube rotation angle could be offset by approximately ±10◦ . Additionally, EM sensors
may also provide biased readings if their placement within different tubes is not leveled at
the same robot cross-section. Considering all possible sources of error and related factors,
our manually actuated prototype performed relatively well with an average error of 3.6mm,
which corresponds to about 3.8% of the total robot length.
Finally, we also notice that the tubes do spiral inside the spring sheath, which is not
considered in our ETR kinematics model. Theoretically, this tube spiraling should not
happen if the sheath circumscribes the inner tubes precisely, as discussed in the previous
chapter. However, since our spring sheath’s inner diameter is slightly larger than the ideal
value (less than 0.2mm larger), the geometrical constraint is relaxed to permit small tube
twisting. For future ETR prototypes, we will either use a tighter spring sheath or incorporate
the spiraling shape in our kinematics formulation to reduce the validation error.

4.4

Conclusion

This chapter focused on the engineering of continuum robots, especially for the ETR. Since
both CTR and ETR utilize pre-curved nitinol tubes as the actuation method, the first
section introduced fabrication procedures that reshape nitinol tubes to the desired shape and
curvature. Unlike conventional approaches where the tube is placed in a low-carbon-steel
mold and heated in an electric oven, we experimented with a more efficient and less expensive
method that involves a calcium silicate mold and a battery heating setup. Despite some
minor issues regarding heating temperature control, our nitinol tubes were successfully bent
and reshaped to the molded shape. The second section of this chapter detailed the design
and engineering of a manually actuated ETR prototype for demonstration and validation.
It is worth mentioning that the prototype sheath is a stainless-steel spring, which satisfies
all structural requirements and minimizes friction. By integrating EM sensing with our
ETR prototype, we conducted experimental measurements to validate our ETR kinematics
model. Implementing the symmetric actuation testing strategy that efficiently covers the
ETR workspace showed that the average tip error between the prototype and simulation was
about 3.6mm, which corresponds to 3.8% the tube length. Although the manually actuated
prototype’s accuracy was limited, the results are promising and agree with the simulation.
We are confident that with further developments, such as motorized ETR prototypes, the
error can be reduced further.
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Conclusion
This thesis described our research on two unconventional robots: the Concentric Tube Robot
(CTR) and the Eccentric-Tube Robot (ETR). Due to their highly flexible structure, both
the CTR and the ETR belong to the continuum robot family. Chapter 1 presented a brief
introduction to continuum robots, emphasizing their unique structures, kinematic properties,
and application potentials. To better understand these robots, a list of research objectives
was also provided. One of the essential aspects of the study of robotics is kinematics modeling
and simulation, and these are also the core research topics for the CTR and the ETR.
Multiple studies have been published for CTR kinematics modeling and simulation,
achieving mixed results. After comparing different CTR modeling approaches in the literature, the Cosserat Rod-based modeling approach was selected for our CTR forward kinematics formulation. By modifying the conventional derivation, an improved and more general
n-tube CTR kinematics formulation was obtained. Subsequently, a kinematics simulation for
a standard three-tube CTR was programmed and implemented in MATLAB. This simulation utilizes an efficient numerical solver in MATLAB to achieve a relatively fast kinematics
computation speed at about 10 Hz. Other features such as adjusting input configurations,
visualizing output shapes, customizing tube designs, sampling robot coordinates, and interactive control interface are also supported in the simulation environment. This research on
CTR formed the basis for our work on ETR.
The ETR concept is motivated and inspired by the CTR actuation mechanism to address
some of its kinematic limitations. In this thesis, the ETR design concept was described in
detail, including the external sheath, robot actuation, the modular structure, and the driving
unit. Following the robot design, the ETR kinematics model was formulated based on a
similar Cosserat Rod-based approach since the actuation mechanics are almost identical to
those of the CTR. Due to the complex ETR kinematics formulation, a numerical solution was
derived instead of an analytical solution. Utilizing the same numerical solver in MATLAB,
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an ETR simulation environment was programmed. Different ETR actuation schemes were
proposed and tested in the simulation to evaluate their workspace and computation speed.
A comparison between CTR and ETR simulations reveals that the CTR kinematics model
is a particular case of the ETR model, approximating the ETR shape with an error of less
than 0.5mm. Additionally, a manually actuated ETR prototype was designed and built to
validate the proposed ETR kinematics model. Experimental measurements were collected
with an EM sensing system, and the robot position data was processed to compare with the
simulation, revealing an average tip position error of 3.6mm. Possible sources of error include
inaccurate tube shapes, inconsistent EM tracker placement, the slightly larger sheath, and
manual actuation uncertainties.

5.1

Future Research

Since this thesis only focuses on the kinematics modeling and simulation of two continuum
robots, namely the CTR and ETR, several other robotics research topics are not studied.
The following is an incomplete list of possible research directions:
• For future CTR research, one possible direction is inverse kinematics and robot control. If we utilize the current numerical simulation framework, different robot control
algorithms can be developed and evaluated without building an actual CTR prototype.
Other research topics such as CTR trajectory planning and teleoperation can also be
integrated with the simulation.
• For future ETR research, the main direction is to develop the forward kinematics
model and simulation for a multi-segment ETR. Instead of formulating all segments
in a single system, the recommended approach is to expand based on the symmetric
actuation scheme and approximate each segment with the equivalent CTR model for
an efficient implementation.
• For future robot prototypes, the necessary step is to design and build a motorized ETR
prototype to perform more accurate experimental validations. We have been working
on a modular three-segment ETR prototype, which allows for precise robot control and
actuation.
• For future nitinol tube shape-setting process, there are multiple research directions.
For example, improving the circuit efficiency, redesigning the clamping mechanism,
implementing temperature feedback, and designing adjustable tube molds. The general

83

5.1. FUTURE RESEARCH

Chapter 5

goal is to simplify the reshaping process, reduce the mold cost, and improve the result
consistency.
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